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Abstract The multi-scale character of the turbulence field in a coaxial jet flow is examined to develop
improved fundamental models of the source mechanisms responsible for noise generation in these flows. The
turbulent statistical properties such as the space-time correlation functions together with the length and time
scales provide a basis for modelling these mechanisms using the acoustic analogy approach. It is important
that these models include as much of the flow physics as possible. Significant progress has been made in
attempting to model the inhomogeneous and anisotropic nature of the turbulence field in the recent years but
the description of its multi-scale character still remains problematic. In this paper, the frequency dependence
of the turbulence statistics is investigated in detail to provide a better method for modelling the turbulence as
a potential source of sound. It is shown how frequency dependence length and time scales, as well as the
convection velocity, can be derived using a complex coherence function in the frequency domain instead of
the two point space-time correlation functions normally used. The results from a series of measurements
using laser Doppler velocimetry (LDV) and hot wire anemometry (HWA) in a low Mach number co-axial jet
are reported for a range of flow conditions. The post-processing of the data includes a comparison of the
sample-and-hold and slotting analysis procedures. The results indicate the possibility of the existence of a
universal Strouhal number dependence for jet flow turbulence.

1. Introduction
Single and coaxial jet flows are responsible for significant noise generation in aircraft.
Unfortunately, the sound generation mechanisms concerned are low efficiency acoustic sources and
their physical features need to be known with some precision if accurate prediction of the total noise
radiated is to be achieved. Significant progress in understanding the noise source mechanisms has
been made since the acoustic analogy formulation of Lighthill (1952) as reported by Morris &
Farrasat (2003). When only the noise from mixing mechanisms is considered, the two point spacetime correlation of the Reynolds stresses provides the basis for these source models. This is
representative of both the efficiency and dynamic of the mechanisms of conversion of the
turbulence kinetic energy into acoustic energy. The model for this must reflect the physical features
such as anisotropy and inhomogeneity and the multi-scale dependence of the turbulence is also
important. The use of the integral length and time scales together with the convection velocity for
the turbulence velocity components in the main direction of the flow is the most common way to
introduce the two first features. However, since the turbulence field has a multi-scale character,
these integral properties must be interpreted as average scales only. Therefore, the problem is how
to introduce this multi-scale nature of the turbulence to the model of the correlation tensor so that
the individual dynamic of the frequency turbulence components and their interaction can be taken
into account. Davies et al. (1963) noted that the frequency dependence of the turbulence statistics
was likely to be important but only determined the convection velocity from the phase of the cross
spectrum.
More recently, Harper-Bourne (2003) and Morris & Boluriaan (2004) reported that the use of a
frequency dependent moving-axis length scale can lead to significant improvement in the noise
prediction, particularly at 90° to the jet axis where high frequency components are dominant due to
refraction effects. However, the relationship between these frequency dependent turbulence
properties and the physical aspects of the turbulence has not been investigated. The use of a
complex coherence function has been shown by Kerhervé et al. (2006) to give directly the
frequency dependence of the various parameters of interest. Significant potential implications for
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modelling jet noise source mechanisms were noted and the results presented agreed well with an
established empirical model. In this paper, LDV and HWA measurements have been obtained in a
coaxial jet with velocity ratio of 0.74. The results are analysed in the frequency domain using both
the sample-and-hold reconstruction scheme of Fitzpatrick & Simon (2005) and the slotting
technique of Nobach (2002). Using the complex coherence function of Kerhervé et al. (2006) to
determined the frequency dependent length scales, it is shown that a universal dependency of the
local Strouhal number exists for a wide range of jet configurations and flow conditions.

2. Frequency dependence turbulence statistics
The turbulence statistical properties of integral length and time scales, indicative of how the
turbulence kinetic energy is distributed locally, are commonly derived from the two-point space
time correlation functions as follows:
(1)
(2)

Λkij and τ kij are respectively the integral length and time scales in the k-th direction of velocity
components i and j and the correlation functions are given by
(3)

(4)

where ui denotes the i-th component of the turbulence velocity, s the separation vector between the
two points, τ the retarded time and the overbar indicates a time average.
The length scale may be interpreted locally as a directional-average scale. This obviously simplifies
the complexity of the modelling of the turbulence mechanisms since it does not take account of the
intrinsic dynamic of each of the frequency turbulence components and of the radiated noise
processes associated with them. The terms in equations (1) & (2) can be expressed in the frequency
domain where the non-normalised correlation functions are the auto and cross power spectral
densities. It was shown by Kerhervé et al. (2006) that the frequency domain equivalent of the
normalised correlation function is given by the complex coherence function defined as,
(5)
where sij and si are the cross and auto power spectral densities respectively, ω the radian frequency
and ξ the separation distance in the moving frame.
The real part and the modulus of this function were shown to be related to length and time scales so
that the frequency dependent forms can be written as,
(6)
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(7)
The global convection velocity can also be replaced by a frequency dependent velocity and this can
be estimated directly from the phase of the complex coherence function (Kerhervé et al., 2006).

3. Experimental set-up & Signal analysis
3.1 Test Rig & Instrumentation
A series of two-point measurements have been performed in a coaxial jet flow generated by the
open-jet facility detailed by Chatellier & Fitzpatrick (2004). The jet investigated had a core velocity
of 80 m/s with a velocity ratio of 0.74 and an external diameter of 52mm with an area ratio of 0.5.
The LDV set up was based on a 500mW Argon-ion laser together with a Dantec system operating
in forward-scatter mode using a burst spectrum analyser type BSA F50. The diameter and length of
the measurement volume are 0.12mm and 1.6mm respectively. The hot wire system comprised a
single Dantec probe type 55P11 with a 55MO1 constant temperature anemometer and the HWA
measurements were sampled at 25kHz triggered to the LDA system. The flow was seeded with
~1µm particles delivered by an Antari Z300 fog generator. Effects of the seeding on the quality of
hot-wire measurements were found to be negligible. In order to minimize flow disturbances
resulting from the hot wire probe, the LDV measurement volume was located upstream and kept
fixed during each test series. The hot wire probe was then moved downstream in the main flow
direction for a wide range of separation distances.
The rig together with the equipment is shown in figure 1. Since the principal noise generation
regions are located where the mixing processes are most significant, interest has been principally
focused on both shear layer axes and a schematic of the measurements locations is given in figure 2.
The distance covered by the hot-wire when moved downstream was such that the correlation
vanished as shown in figure 3 so that the integral turbulence statistics are derived correctly.

4. Experimental results
4.1 Comparison of Spectral estimators
Both sample-and-hold and slotting techniques were used to calculate the correlation and spectral
estimates from the LDV data. The LDV and HWA measurements obtained at 3D from the exit
nozzle and along the outer shear layer axis of the coxial jet are used for comparisons. For the
sample-and-hold scheme, the LDV data were reconstructed at 250kHz, which was about ten times
the mean sampling rate of the acquisitions. A comparison of the auto-power spectra obtained by
both estimation techniques to that obtained from the HWA data can be seen from figure 4 not to
show significant discrepancies. The overall dynamic of the turbulence spectrum is reproduced
accurately until above 10kHz where both reconstruction methods are at the limit. It can clearly be
seen tat the low-frequency content is well captured by both techniques. For the cross correlations
functions and cross power spectra, the estimates from both techniques using the LDA data with the
HWA data are reported in figure 5 for a series of separation distances. Again, the spectral estimates
show very little difference although some discrepancies can be seen for the correlation estimates.
While the overall shape and the correlation peak are similar for both, the maximum of the
correlation is slightly underestimated by the slotting technique when compared with the sampleand-hold scheme. However, this results in a difference of less than 5% of the derived turbulence
statistics which is not significant. As the complex coherence function is of particular interest in this
work, the capacity of the estimators to determine this quantity was also examined. The real part and
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the magnitude of this at two frequencies were calculated and are shown in figure 6. Again, both the
slotting and the sample-and-hold schemes lead to very similar results with a difference of less than
5%.
These results show the equivalence of the estimators. As the sample and hold is more
computationally efficient, the procedures detailed by Fitzpatrick & Simon (2005) have been used to
determine the main results reported in this paper.
4.2 Frequency dependent convection velocity
When considering turbulence statistics in a moving reference frame, the convection speed of the
different scales is required. This parameter is important when modelling noise radiated by source
mechanisms since it has implications for the frequency of the sound perceived due to Doppler shift
and the directivity pattern as well as source efficiency. As outlined in section 2, the convection
speed can be determined from the phase angle of the complex coherence. The results for the coaxial jet normalised by the bulk convection velocity are shown in figure 7 as a function of the
Strouhal number based on the jet diameter and exit velocity together with the results reported by
Harper-Bourne (2003). The results presented were obtained along the inner and outer shear layer
axis and similar trends were obtained for the other locations investigated. While there is some
spread in the results, the general trend is a gradual increase in convection speed as a function of
frequency. As might be expected, this indicates that the smaller high frequency scales convect at a
higher speed than the larger lower frequency scales. Of particular interest is the rapid increase in
convection speed at very low Strouhal numbers (St<0.2) reported also by Harper-Bourne (2003).
This would suggest that the turbulent frequency components associated with these Strouhal
numbers constitute low efficiency acoustic sources which will not contribute significantly to the
radiated noise.
4.3 Fixed-axis and Moving-axis coherence decays
The frequency dependent fixed and moving axis length scales were derived using the complex
coherence function detailed in section 2. The real part and the magnitude of this quantity obtained
in the coaxial jet for a range of frequencies are presented in figure 8 as a function of the separation
distance. It can clearly be seen that the rate of spatial decay of the length scale increases with
increasing frequency. This is in keeping with the view that higher frequency components of
turbulence dissipate more rapidly than those at lower frequencies where the length scales of the
larger eddies are significantly greater. In addition, it can be seen that the real part of the complex
coherence exhibits a strong dynamic with manifest oscillations as frequency increase whereas the
magnitude retains a decay type characteristic without oscillation. For the latter, it is a result of the
turbulence being viewed in a moving reference so that it exhibits a quasi-frozen pattern as its
characteristics change very slowly regarding space and time coordinates. The evolution of the
moving length scale is indicative of this physical aspect of the flow field and confirms that this
quantity is connected with the moving-axis turbulence statistics. The former, on the other hand,
relates to the vorticity of the small eddies relative to a fixed observation position. This is in contrast
to the two-point space time correlation function which captures the main instability only. When the
turbulence field is seen as a superposition of eddies with different sizes as suggested by Townsend
(1976) and modelled by Lau et al (1979), the number of positive lobes can be interpreted as the
number of time the eddies roll. Although the oscillations at the higher frequencies appear to be
more significant than those at lower frequencies, it is important to note that the values reported in
figure 8 have been normalised so that the absolute energy at the higher frequencies is significantly
less than that at the lower frequencies.
4.4 Universal Strouhal number dependency of the length scales
The frequency dependent length scales are determined by integrating the data in figure 8 with
respect to the separation. A preliminary analysis of the frequency dependence by Power et al.
(2004) has shown that both the integral length scale and the convection velocity are sensitive to the
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temperature of the flow field. It was proposed by Kerherve et al. (2006) that this dependency could
be accounted for by using a Strouhal number based on the local convection speed together with the
global length scale (i.e. that obtained directly from equation 1). The distributions of both frequency
dependent fixed and moving axis integral length scales as a function of the ''local Strouhal number''
are given in figures 9 and 10 respectively. Both scales have been normalised by the local global
integral length scale. The frequency dependence of the two scales is clearly manifest, showing a
general decrease with increasing frequency as intuitively expected. This result agrees well with the
general view that lower frequency turbulence components are associated to the larger scales of the
flow, while the higher frequency ones comprise the smaller scales. It can also be clearly seen from
figure 8 that the data collapses for all the co-axial data. Included in the figure are the previous
results reported by Kerhervé et al (2006) for different single high speed jets conditions and these
can be seen to give a almost identical dependence.
For the frequency dependent fixed-axis length scale reported in figure 9, results indicate a
convergence at low frequencies. The present results suggest that a limit for the low frequency scales
exists in contrast with expected infinite limit for the length at zero frequency. Further investigation
of the behaviour at low frequency is required to resolve this. Nonetheless, the model based on a
Gaussian formulation for the two-point space time correlation function developed by Kerhervé et al
(2006) is shown in figure 9 and can be seen to provide a good fit for the data.
The results for the frequency dependent moving-axis length scale are presented in figure 10. Here
again, the integral time scale and the local convection velocity have been used for the nondimensional variables. It can be seen that this exhibits a maximum at a local Strouhal number of
about 0.05. This result is in contrast with the proposal of Morris & Boluriaan (2004) and of HarperBourne (2003) who used a continuous decrease with the frequency together with a convergence
towards a finite value at low frequency. When this length scale is plotted with the local turbulence
power spectrum as a function of frequency, the maximum can be seen from figure 11 to be at the
frequency of the local main jet instability. This suggests a close connection between the movingaxis frequency dependent length scale and the dynamic of the local scales of turbulence. In the
region of this Strouhal number, the frequency dependent scale was found to be about 8 times higher
than the local global integral length scale. While this scale is considered representative of the
dominant instability in the flow, these results suggests that its value is not clearly related to the
scale of this specific motion but is biased towards the lower scales since the high frequency
turbulence components are also taken into account in the estimation. For noise source modelling,
this confirms that a frequency dependent scale is more appropriate than the global length scale
discussed previously so that the multi-scale nature of the turbulence field can be accounted for in
acoustic analogy approaches based on the Lighthill correlation tensor.

5. Conclusions
Two-point measurements using LDV and HWA in a Mach 0.2 coaxial jet flow with velocity ratio
0.74 have been conducted to investigate the frequency dependence of the turbulence statistics.
Frequency dependent fixed and moving axis length scales as well as convection speed, derived from
a complex coherence function of the local fluctuating velocity, have been found to lead to
significant results for the modelling of jet noise source mechanisms. In particular, the real part of
the coherence function from which the fixed-axis length scale can be derived, has been shown to
capture the vortical nature of the frequency components in the turbulence field. On the other hand,
the modulus of this complex coherence function has been found appropriate for the estimation of a
moving-axis length scale closely connected to the various scales of turbulent motions. The main
result of the paper is the potential existence of a universal Strouhal number for these two scales
when based on the global integral length and convection velocity. The results suggest that the
frequency dependence of the scales can provide a more sophisticated use of acoustic analogy for jet
noise modelling based on data from RANS calculations.
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Fig. 1 : Coaxial jet facility and anemometers.

Fig. 2 : Two-point measurement locations (+) and spatial extent (→)
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Fig.3 : Typical two-point space time correlation functions.

Fig. 4 : Auto-power spectra at 3D from the nozzle along the shear layer axis
(HWA – red; slotting – black: sample-and-hold – blue)
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(a)Space time correlations

(b) Cross power spectra

Fig. 5 : Comparisons of Slotting and Sample-and-Hold

(a)Real part

(b)Magnitude

Fig. 6 : Comparison of Complex Coherence Function for Slotting and Sample-and-Hold
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Fig. 7 : Normalised frequency dependent convection velocity as a function of Strouhal number
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Fig. 8 : Real Part (black) and Magnitude (blue) of Complex Coherence Function
(Experimental data – symbols; model – lines)
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Fig. 9: Normalised frequency dependent fixed-axis length scale as function of local Strouhal number for
different jet conditions

Fig. 10 : Normalised frequency dependent moving-axis length scale as a function of local Strouhal number
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Fig. 11 : Frequency dependent moving-axis time scale and auto power spectrum at 3D from the nozzle
along the shear layer axis
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