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Abstract The wake of a circular cylinder at Re = 2700 is investigated by means of Tomographic PIV
(Tomo-PIV), a recently developed three-dimensional velocimetry technique. The paper presents the
principles of Tomo-PIV and discusses in details the implementation of the technique to the experimental
conditions. With a measurement volume of approximately 40x40x10 mm2 two configurations are chosen in
order to describe both the 2D wake features and the span wise organization of secondary rollers dominating
the 3D flow organization. The present data allow to directly evaluate the measurement error imposing mass
conservation inside the volume (viz. solenoidal velocity field). The visualization of the wake instantaneous
structure is obtained by means of vorticity vector magnitude iso-surfaces, or decomposing the vorticity in the
span wise and stream-wise(normal)/bi-normal component, which return the separate contribution of the
Kármán rollers and the interconnecting structures between them respectively. The properties of the
secondary rollers are given in terms of span wise wavelength, peak vorticity, vorticity stretching and their
size and shape. A value of the span wise wavelength λz/D = 1.2 is recurring and the rollers organization into
pairs is found to be similar to the instability Mode B occurring in lower Reynolds number wakes investigated
with previous studies.

1. Introduction
The transition from the two-dimensional vortex shedding regime behind circular cylinders to threedimensional flow governed by the Reynolds number has been investigated extensively especially at
Reynolds numbers in the order of 102 ÷ 103. The earliest 3D transition is associated to the inception
of vortex loops in the main rollers around Re = 190, which distort the primary rollers with a
spanwise wavelength λz between 3 and 4 diameters (Mode A, Williamson and Roshko, 1990).
Increasing the Reynolds number to about 250, a transition from Mode A (vortex loops) to Mode B
(stream-wise vortex pairs, Williamson, 1996) was observed. These two modes were identified as
the two dominant modes for the three-dimensional organisation of coherent structures in the 3D
cylinder wake regime. In particular Mode B is characterised by a shorter span wise wavelength
(λz/D = 1 between counter-rotating stream-wise rollers). The application of PIV allowed to perform
quantitative analysis of the secondary vortices. Brede et al. (1996) obtained λz/D = 4.5 for Mode A
and confirmed λz/D = 1.0 for Mode B. At Reynolds numbers exceeding 103 the interaction between
the streamwise and the Kármán rollers has been investigated by Muchmore and Ahmed (1993) who
visualised mushroom shaped structures interconnecting the span wise rollers by means of planar
laser fluorescence. A recent PIV survey along orthogonal planes performed in the range
Re = 2,000-10,000 by Huang et al. (2006) showed a more chaotic wake structure, ascribed to the
transition occurring within the separated shear layers. The full three-dimensional wake structure can
nowadays be simulated with DNS as performed by Thompson et al., 1994 however experimental
data is lacking for a comparison of the full three-dimensional wake structure and even the latest
planar velocimetry surveys do not render the instantaneous 3D organisation of the wake. From the
above experimental studies, a number of issues are not yet elucidated. In particular at higher
Reynolds numbers, the secondary vortices model is based on planar cross sections and the
instantaneous three dimensional organisation of the flow field has not been sufficiently understood.
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Moreover the quantitative characterisation of the secondary vortices dynamics requires the vorticity
stretching term to be evaluated, which has not been investigated experimental means due to the
technical limitation of the planar PIV technique. The present study approaches the analysis of the
instantaneous three-dimensional organisation of the coherent flow structures present in the vortex
wake applying the recently developed 3D velocimetry technique Tomographic PIV (Tomo-PIV,
Elsinga et al., 2005). The experiments are performed in the air flow behind the circular cylinder at
Re = 2700 characterizing quantitatively the three-component velocity vector field over a volume
containing the cylinder wake. The evaluation of the 3D velocity gradient tensor enables the
topological evaluation of iso-vorticity loci and vorticity stretching field.

2. Experimental apparatus
2.1 Hardware arrangement
Experiments are performed in the open-test section of a 40x40 cm2 wind tunnel (Figure 1-left) at the
Aerodynamic Laboratories of TU Delft Aerospace Engineering. The free-stream velocity is 5 m/s
and the cylinder diameter D is 8 mm (ReD = 2700). The measurement volume extends
approximately over a region of 40(H)x40(L)x10(W) mm3 with the shortest side (W) in the direction
of the depth of field. Two measurement configurations are chosen, either with the height (Figure 1right) or the width aligned along the cylinder axis respectively. The flow is seeded with 1µm
droplets produced with a fog generator. The illumination is provided with a Spectra-Physics
Quanta Ray Nd:YAG dual-head laser delivering 400 mJ energy/pulse. The light beam is shaped into
a 10 mm thick and 60 mm wide sheet using light sheet optics, determining the measurement volume
dimension. A knife-edge slit filter is placed before the thick light sheet enters the measurement
region in order to cut off the low-energy fringes on the sides and obtain a top-hat like light intensity
distribution terminating sharply at the edges. The recording is performed with four cameras viewing
the illuminated region in stereoscopic formation along a solid angle of approximately 45x45
degrees. Two LaVision Imager Intense CCD cameras (1376x1040 pixels, 12 bits), a PCO Sensicam
QE (1376x1040 pixels, 12 bits) and a PCO Sensicam (1280x1024 pixels, 12 bits) are equipped with
Nikon objectives of 50 and 60 mm focal length with a numerical aperture set at f# = 8.0. The focal
plane of each imaging unit is aligned with the median plane of the laser sheet by means of
Scheimpflug adapters able to tilt the objectives relative to the image plane along oblique axes. The
average imaging magnification is M = 0.36 with a digital resolution of 18 pixels/mm. The digital
synchronisation between laser, cameras and the image acquisition system is given by a LaVision
programmable timing unit (PTU) installed on a PC and controlled through DaVis 7.3. The
recording rate is 1Hz and the time separation between subsequent exposures is set at 35 µs. One
hundred Tomo-PIV recordings (quadruplets of image pairs in the present case) are acquired for each
experiment.
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Figure 1 – Left: experimental arrangement. Wind tunnel exit, cylinder model and tomographic imaging
system. Right: schematic of illumination and imaging.

2.2 Tomo-PIV principle
A schematic description of the working principle of the technique follows hereafter, whereas a
detailed discussion on the technique is given in (Elsinga et al. 2005). The tomographic
reconstruction algorithm requires the knowledge of a mapping function between image space and
the three-dimensional object space similarly to the standard stereoscopic PIV. The mapping
function is obtained with a calibration procedure translating a target along measurement volume
depth. The intensity distribution in the measurement volume is reconstructed using a variant of the
MART (multiplicative algebraic reconstruction technique, Herman and Lent, 1976) algorithm
adapted for PIV and developed in collaboration with LaVision GmbH.
The MART method is an algebraic method to iteratively solve a set of linear equations modelling
the imaging system, in which the object is written as a series of basis functions. In the present
model the object is given by the intensity distribution of the light scattered by the particles within
the measurement volume E(X,Y,Z), which is discretised over a 3D array of cubic voxel elements (a
“voxel” is the three-dimensional equivalent of a pixel). The associated basis function w is of 3D
top-hat type with uniform value inside the voxel and zero outside. The projection of E onto each
view from the different cameras returns the image intensity distribution Ik(x,y) discretised by the
sensor pixels (k is the camera index). The algebraic system of equations linking E and I reads as:
N

∑W
n =1

m,n

E ( X n , Yn , Z n ) = I ( xm , ym )

(1)

where Wn,m is the weighting coefficient describing the contribution of the nth voxel intensity
E(Xn, Yn, Zn) to the mth pixel intensity Ik(xm, ym) from the kth recording (viewing direction). N is the
total number of voxels in the volume. Neglecting the fact that diffraction occurs in the imaging
system, from geometrical optics the recorded pixel intensity can be seen as the result of the integral
of object intensity along the corresponding line of sight. In that case the intensity field relative to a
reconstructed particle will resemble a 3D Gaussian-type blob, whose projection in all directions is
the diffraction spot. The value of the weighting coefficient Wm,n is obtained from the basis function
w as a function of the distance between the mth line of sight and the nth voxel. A multiplication
factors may be used to obtain a weighting coefficient that accounts for uneven illumination (due to
the laser light distribution), differences in intensity detected from the different cameras (collecting
light in forward or backward scatter) or other optical dissimilarities. The expression of the iterative
update of the MART method reads as:
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⎞
⎛
⎟
⎜
I (xm , ym )
k +1
k
⎟
⎜
E ( X n , Yn , Z n ) = E ( X n , Yn , Z n ) ⋅ N
⎟
⎜
k
⎜ ∑ Wm, n E ( X n , Yn , Z n ) ⎟
⎠
⎝ n =1

µWm ,n

(2)

where µ is a scalar coefficient intended as relaxation parameter. The magnitude of the update is
determined by the ratio between the measured pixel intensity Ik(xm, ym) and the projection of the
object at the current iteration. The weighting W function at the exponent ensures that only the
elements in E(X,Y,Z) affecting the mth pixel are updated. Furthermore the MART scheme requires
that I and E are both definite positive. The reconstruction performance of the MART a;gorith
applied to PIV recordings has been assessed by means of synthetic 3D particle field simulation
(Elsinga et al. 2005). The simulation showed that the coefficient obtained correlating the
reconstructed intensity field with the exact distribution is above 0.9 for a four views system with a
seeding level of approximately 0.05 particles per pixel, which has been chosen as the working
configuration for the present experiments.
The actual measurement volume of 40x40x10 mm3 is discretised over 730x730x184 voxels at a
spatial resolution of 18 voxels/mm (pixel-to-voxel ratio of 1). The reconstructed volume size is
41x41x10 mm3. The seeding density in the individual images is approximately 0.05 ppp, yielding
5x104 recorded particle images, which are reconstructed in the volume. The DaVis 7.3 software is
used for the tomographic reconstruction. Approximately 1 hour is required for the reconstruction of
one 3D object applying the MART algorithm with 5 iterations.

Figure 2 – Left: cross sectionof the reconstructed light intensity distribution (left). Coordinates are in voxel
units, axes are not at scale. Right: reconstructed particle field distribution. Red and yellow indicate the first
and second exposure respectively. Blob size is proportional to the square-root of the particle intensity.

An indicator of the quality of reconstruction in real experimental conditions is given by the ratio of
light intensity within the illuminated region (signal) and that obtained outside of the reconstructed
volume, which is representative of the reconstruction process noise. Figure 2-left shows a cross
section of the light intensity in the reconstructed volume. The reconstruction domain slightly
exceeds the illuminated one in order to avoid that spurious light intensity reconstructed at the
domain boundary affects the reconstruction in the illuminated region. The light intensity profile
returns a reconstruction signal-to-noise ratio of 3 in the present experiment. Figure 2-right shows a
schematic 3D representation of the reconstructed intensity field by plotting spherical blobs in the
three-dimensional space where an intensity maximum is detected in the reconstructed scalar field.
Yellow and red blobs correspond to the particles recorded at the first and second exposure
respectively. A visual inspection returns particle pairs in many cases, however also a significant
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number of unpaired particles is observed, which is ascribed to the limited reconstruction accuracy
associated to the high seeding density of the present experiments.
The displacement occurring between the reconstructed 3D intensity fields E(t) and E(t+∆t) is
evaluated by means of spatial cross correlation analysis. The normalized cross-correlation function
R(∆X,∆Y,∆Z) reads as:
I ,J ,K

R(l , m, n ) =

∑ E (i, j, k , t ) ⋅ E (i − l , j − m, k − n, t + ∆t )

i , j , k =1

(3)

cov(E (t )) ⋅ cov(E (t + ∆t ))

The analysis is performed with an iterative technique based on the WIDIM algorithm (Scarano and
Riethmuller, 2000) extended to three dimensional intensity fields, where the interrogation boxes are
displaced/deformed on the basis of the result from the previous interrogation. The intensity field of
the deformed volume at the k+1th iteration is obtained from the original intensity and the predictor
velocity field according to the expression:

(

E k +1 ( X , Y , Z , t ) = E X − udk 2 , Y − vdk 2 , Z − wdk 2 , t

(

)

E k +1 ( X , Y , Z , t + ∆t ) = E X + udk 2 , Y + vdk 2 , Z + wdk 2 , t + ∆t

)

(4)

Where V d = (u dk , vdk , wdk ) represents the particle pattern deformation field obtained at the kth
interrogation. The interrogation box size is progressively decreased from 121x121x61 to 41x41x21
voxels in order to increase the dynamic range and decrease the number of spurious vectors. A 75%
overlap factor is applied between neighboring boxes returning a vector spacing of 0.55 mm along
height and length and 0.28 mm along the width respectively. The overall measurement grid counts
64x64x30 vectors. Data validation based on a signal-to-noise ratio minimum threshold of 1.2, and
on the normalized median test with maximum threshold of 2, (Westerweel and Scarano, 2005)
returns approximately 4% spurious vectors. The computation is performed with a custom made
software in MATLAB environment and takes approximately 12 hours (five iterations). However a
preliminary analysis performed with DaVis 7.3 could be performed within 2 hours.
The measurement precision is estimated observing the spatial distribution of velocity divergence
∇V =∂u/∂x+∂v/∂y+∂w/∂z, which can be evaluated entirely in three-dimensions. In the
incompressible flow regime the velocity field is solenoidal therefore ∇V is virtually zero
everywhere, therefore the divergence RMS fluctuations <∇V’> can be considered as a direct
evaluation of the measurement error affecting the differential quantities. The present experiment
returned <∇V’> = 0.02 voxels/voxel, which may be assumed also as a conservative estimate for the
smallest measurable value of other differential quantities such as the vorticity vector. It was
estimated that with the measured vorticity measured range of 0.25 voxels/voxel yields a
measurement uncertainty of about 8%. However, the uncertainty on the measured velocity is lower,
approximately 1% considering that the smallest displacement is determined within 0.05 pixels and
the maximum range is about 4 pixels.
k

3. Results
The experimental results are shown in terms of velocity vectors spatial distribution. The
visualisation of the coherent structures is made by means of iso-surfaces of the vorticity vector ω :
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⎡ω x ⎤ ⎡ w y − v z ⎤
⎢
⎥
ω = ⎢⎢ω y ⎥⎥ = ⎢ u z − w x ⎥
⎢⎣ ω z ⎥⎦ ⎢⎣ v x − u y ⎥⎦

(5)

The term ω ⋅ ∇V is a relevant quantity since it plays a major role in the vorticity dynamic equation.
Although it is referred to as vorticity stretching term, ω ⋅ ∇V includes the changes in vorticity
produced by local intensification (stretching) and reorientation (tilting) of the vorticity of fluid
parcels. In Cartesian coordinates the vorticity stretching term reads as follows:
⎡ u xω x + u y ω y + u z ω z ⎤
⎢
⎥
ω ⋅ ∇ V = ⎢ v xω x + v y ω y + v z ω z ⎥
⎢ wxω x + wyω y + wzω z ⎥
⎣
⎦

(6)

Where the x-coordinate is aligned with the stream wise direction (normal to the cylinder axis), the
y-coordinate is aligned with the cylinder axis and the z-cordinate is the bi-normal to the cylinder
axis. The origin of the coordinate system is placed on the cylinder axis at median z-position. Two
configurations are chosen for the wake survey (Figure 3). The first one is similar to that adopted for
planar PIV studies of the 2D wake, with the light sheet perpendicular to the cylinder axis. In this
case a cross section of the wake is captured that includes the top and bottom edges of the wake. In
the second configuration the measurement volume is perpendicular to the bi-normal to the cylinder,
which allows to visualize the span wise organisation of the wake along several cylinder diameters.
configuration 1

configuration 2

Figure 3 – Configuration of the measurement volume with respect to the cylinder. Left: measurement plane
perpendicular to the cylinder axis direction. Right: measurement plane perpendicular to the bi-normal to the
cylinder axis.

3.1 Configuration 1: 2D wake view
The experiments performed with the cylinder axis placed horizontally allow to visualize the 2D
characteristics of the wake as shown in Figure 4. The separated shear layer is visible in form of a
vorticity sheet emanating from the upper side. On the bottom side of the wake a counter clockwise
roller is being formed as also indicated by the swirling pattern of the instantaneous velocity vectors.
The previously shed primary roller can be identified with the roll-up of the vorticity sheet on the
upper side just downstream of the first primary vortex. Finally a third vortex with the same rotation
sign as the first one is visible downstream at the bottom of the measurement volume. Even in this
relatively thin view of the cylinder wake a significant three-dimensional behaviour can be observed
with a secondary roller interconnecting the second and the third vortex oriented approximately at 45
degrees and exhibiting a vorticity level comparable with the primary rollers. The iso-surfaces of
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vorticity stretching vector magnitude (| ω ⋅ ∇V |) show that the stretching activity is concentrated only
in the core of the secondary roller and indicates that these structures are responsible for the increase
and re-orientation of the vorticity between the main rollers.

Figure 4 – Instantaneous flow field snapshot. Left: vorticity vector magnitude iso-surfaces (|ω| = 2x103 s-1,
green; |ω| = 4x103 s-1, red) and velocity vectors in the mid section of the measurement volume. Vectors
color-code the streamwise velocity component. Right: vorticity stretching vector magnitude iso-surfaces
(| ω ⋅ ∇V | = 5x106 s-2, green; | ω ⋅ ∇V | = 15x106 s-2, red).

3.2 Configuration 2: span wise features
Figure 5 shows the flow field properties as observed from a measurement volume extending
approximately five diameters in the span wise direction. Four uncorrelated snapshots are chosen in
order to illustrate the different events observed during the experiments. The three-dimensional
pattern of the vorticity vector is represented plotting iso-surfaces of the span wise component (green
for ωy = 2x103 s-1, cyan for ωy = -2x103 s-1) and of the combination of the normal and bi-normal
components (red for ωxz = 2x103 s-1, blue for ωxz = -2x103 s-1). Figure 5 top-left shows three
kármán-type rollers in the measurement domain. The distance between the last shed and the
preceding one is approximately 1.2D, while the distance between the rollers further downstream
increases to about 1.8D indicating a convective speed increase of about 50% in the range of
1 < X/D < 4. The rollers appear slightly oblique indicating that the shedding process does not occur
simultaneously along the model span. A more parallel position is recovered however for the latest
shed roller. The peak vorticity decreases from 5x103 s-1 at X/D = 1 to 3.7x103 s-1 at X/D = 3, which
agrees fairly with the planar measurements from Huang et al. (2006) who reported a peak vorticity
of 3.7x103 s-1 at X/D = 3. The pattern of vorticity for the secondary rollers shows counter-rotating
vortex pairs (red-blue) developed in the braid shear layer region and interconnecting the two
primary rollers close to the cylinder. The estimated normalized half-wavelength (distance between
the axes of the vortices composing the pair) is λz/2D = 0.6 corresponding to λz/D = 1.2 at X/D = 1.5,
which is slightly in excess with respect to the results reported in literature for Mode B both at low
Reynolds number (Williamson 1996) but in good agreement with the value λz/D = 1.27 reported for
Re = 2,000 (Huang et al. 2006) at X/D = 5. A good agreement with the latter study is registered for
the peak vorticity of the secondary rollers, found to be around 3x103 s-1 X/D = 1.5. Their intensity
decays rapidly in the range 2 < X/D < 4. The snapshot in Figure 5 top-right shows a situation where
the secondary rollers have a relatively higher intensity and their interaction with the roller
downstream introduces significant distortions. The span wise occurrence of vortex pairs is more
pronounced with a wavelength between the counter rotating structures similar to that of the
previous snapshot. However in the following snapshots at the bottom of Figure 5 a more regular
pattern is observed of span wise fluctuations, yielding a quasi periodic behaviour for the secondary
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rollers, which alternate again at almost constant span wise distance λz/D = 1.2. The interaction
between the secondary rollers and the span wise vortices takes place at the upstream side of the
latter and tends deform the span wise alignment with a periodicity in phase with the secondary
rollers as shown in Figure 5 bottom-right or in the detail of Figure 6-left. When the vorticity
stretching term is considered (Figure 6-left), one can observe that the relative importance between
primary and secondary rollers has been reversed. As also obtained from the experiments with the
2D view of the wake, most of the stretching activity is concentrated within the secondary rollers
where vorticity is concentrated and increased. It is also observed that for the chosen iso-surface
level no significant stretching is measured beyond X/D = 3 which indicates early decay of the
coherent structures under the action of further three-dimensional instabilities and viscous diffusion.

Figure 5 – Instantaneous vorticity iso-surfaces (at ω = 2x103 s-1). Color coding: ωz > 0 green; ωz < 0 cyan;
ω x2 + ω y2 ⋅ sign(ω x ) > 0 red; ω x2 + ω y2 ⋅ sign(ω x ) < 0 blue.
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Figure 6 – Left: detail of the interaction between primary and secondary rollers. Right: iso-surface of
vorticity stretching vector magnitude (| ω ⋅ ∇V | = 5x106 s-2).

3.3 Eduction of λz
The 3D spatial autocorrelation function of the secondary flow vorticity (after application of a
threshold and value binarization) is used to verify the span wise periodicity of the instantaneous
flow and yield a statistical estimate of the span wise wavelength. The autocorrelation is evaluated in
the stream wise range X/D = 1÷3. The snapshots are phase ordered with respect to the shedding of
the main rollers and an ensemble of 10 snapshots at approximately the same phase is selected for
the mean autocorrelation. The structure of the autocorrelation function (Figure 7) shows blobs
elongated in the stream wise direction of alternating sign in the span wise direction. The mean
distance between centroids of blobs of same sign is λz/D = 1.3, which is slightly in excess of the
value inferred from the instantaneous visualization. However such discrepancies are ascribed to the
random nature of the occurrence and of the scale of the secondary structures, which sometimes
occur with relatively large size (up to λz/D = 2) and intensity resulting in a 10÷20 increase of the
span wise wavelength as also reported by Huang et al. (2006). In some extreme cases the strongest
stream wise structures can cause an interruption of the vorticity span wise coherence of the primary
roller downstream causing it to split and undergo further three-dimensional distortion as discussed
by Eisenlohr and Eckelmann (1989).
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Figure 7 – Vorticity autocorrelation function iso surfaces (from 10 snapshots).

4. Conclusions
The turbulent wake of a circular cylinder has been investigated by means of Tomographic PIV. The
3D measurements were performed over a volume of 40x40x10 mm3 enabling to observe the large
scale coherent structures of the wake such as the Kármán rollers and the secondary flow structures.
The working principle of the Tomo-PIV technique was introduced and the measurement uncertainty
for the present measurements was estimated. The measurement density of approximately 2
points/mm in the streamwise and spanwise direction and 4 points/mm along the bi-normal direction
allowed to visualize the smallest 3D flow structures of approximately 1 mm. The visualizations of
instantaneous iso-vorticity surfaces clearly showed the street of counter-rotating vortices with span
wise coherence alternatively shed from the two sides of the cylinder. The secondary rollers were
visualized by means of 3D iso-surfaces of vorticity magnitude or separating the different vorticity
components. Their features were found to be similar to the Mode B instability widely referred in
literature. The results of the quantitative analysis of the vorticity field were in good agreement with
previous studies performed with planar PIV. The secondary rollers were found to appear
systematically as pairs of counter-rotating vortices essentially oriented in the stream wise direction.
The vorticity stretching activity in the flow field was mostly associated to these secondary rollers.
Although the span wise periodicity with a wavelength λz/D = 1.2 only appeared intermittently in the
instantaneous flow, the statistical evaluation of the spatial autocorrelation function retrieved a span
wise phase coherence length between 3 and 4 wavelengths. It could be concluded that the TomoPIV approach is suitable to the investigation of coherent structures in three-dimensional wakes and
further applications are envisaged in order to investigate the effects of the Reynolds number on the
properties of the coherent structures in cylinder wake flows.
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