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Abstract An enhanced particle tracking algorithm is developed based on a modified expectation
maximization algorithm. Particle tracking results using this method for a series of nine synthetic vortical
test images are compared to results obtained using the algorithms of Baek & Lee and Labonte. The test
cases utilized particle drop out, varying vortex sizes and shapes and other parameters to evaluate the
algorithms. The appreciable improvement in the accuracy of EPTA tracking results for the test cases
presented here shows the benefits of explicitly incorporating a vector field representation that is flexible yet
regularized and serves as a model to both guide and constrain the process of determining particle
correspondence. In particular, it is shown how two B-spline surfaces that are regularized using either a thin
plate spline (TPS) or velocity-shear-dilation (VSD) model can accommodate flow gradients while attempting
to maintain a degree of smoothness in the displacement field during the determination of particle-to-particle
correspondence.

1. Introduction
Particle Tracking Velocimetry (PTV) algorithms are designed to track individual particles rather
than particle clusters between temporally consecutive images. These algorithms are typically
composed of three procedural steps in figure 1.
1. Identify individual particles and assign position indices
2. Track individual particles between images
3. Process tracking results
(e.g. Interpolation, spatial averaging and/or filtering)
Figure 1: Basic procedure for PTV

Step one is usually performed using a combination of image filtering procedures [14, 15],
particle shape fitting [1, 17, 16, 5, 12], and/or image thresholding [6, 8, 11, 7, 4, 13]. Methods also
exist by which occluding (i.e. overlapping) particle images can be separated [3]. Step two is the
subject of discussion in this paper. Step three depends on experimental requirements and therefore
is not considered further.
In principle, PTV algorithms can provide the highest possible spatial resolution because they
allow for the identification and analysis the behaviour of individual particles. As such, they provide
the potential to measure flow variations over the widest range of scales. Traditionally however,
PTV approaches such as ‘particle streak’ and ‘nearest neighbours’ have been less popular
compared to cross-correlation PIV due to particle number density limitations. In the same way that
hierarchical implementations of conventional PIV algorithms developed over the last decade have
led to improved spatial resolution, recent advancements to PTV algorithms have led to improved
performance over a larger range of particle number densities and flow conditions.
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A review of PTV techniques particularly the PTV algorithms developed by Baek & Lee [2, 13]
and Labonte [10] were selected as benchmarks for comparison against the enhanced particle
tracking algorithm (EPTA). The algorithms of Labonte and Baek & Lee represent important
advancements in the field because they employ ideas akin to the idea of soft correspondence and
thereby allow for the ‘sharing’ of correspondence information between neighbouring locales within
an image. However, both methods are derived using models based on the assumption of parallel
motion between neighbouring particles. As flow gradients increase and differences in displacement
between neighbouring particles becomes larger, the validity of this assumption becomes
increasingly questionable.
The EPTA incorporates a higher order displacement model that makes explicit allowance for
flow gradients while at the same time attempting to maintain a degree of ‘smoothness’ in the
displacement field. The EPTA utilizes a modified version of the expectation maximization
algorithm that incorporates a regularized B-spline to represent the displacement field and the
principle of Maxent to determine a set of particle correspondences between particles. As the
algorithm iterates, the soft correspondences are slowly transformed into a set of hard
correspondences that are used to determine the displacement of particles between image frames.
Discussion is separated into two parts. In the first part, the utility of the EPTA algorithm is
demonstrated in comparison with the algorithms of Baek & Lee [2, 13] and Labonte [10] using a
series of synthetic test cases that contain periodic counter rotating vortices. The accuracy of EPTA
tracking results shows the benefits of explicitly incorporating a flexible flow model that
accommodates flow gradients and yet retains a sense of ‘smoothness’ between measured
displacements obtained in neighbouring regions of an image. The concepts and ideas combined into
the EPTA represent important advancements in the field of PTV that can allow for improved
tracking performance over existing algorithms as flow gradients increase. However, there are issues
with the EPTA that remain to be addressed before it can be considered robust enough for
application over a wide range of PTV scenarios. In the absence of a reliable set of experimental
data, synthetic flow profiles that contain periodic counter rotating vortices developed using equation
1 within a 256x256 pixel image were employed to test the utility of the EPTA. Each test case
mimics the initial conditions of a Taylor-Green vortex field [9]. Idealized vortical structures are
easily visualized and contain large gradients. Therefore they provide a good benchmark test of
algorithm performance.
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In this equation the parameter A is the amplitude of the maximum measurable displacement and
parameters ωx and ωy are used to control the size and shape of vortices in the image field. Values of
A, ωx and ωy are specified in pixel units and are listed in table 1 for each of the nine test cases. Also
listed in table 1 are other case identifying parameters including the number of vortices in the image,
the nominal number of particles in the image, No, the displacement ratio, DR, and the displacement
slope, DS. The displacement ratio, DR, is the ratio of the maximum particle displacement to the
average distance between particles and is calculated as,
A
DR =
(2)
AI
πN o
2
where AI is the image area in pixels , and as above, A and No, are the maximum particle
displacement and number of particles respectively. The displacement slope, DS, is a nominal
average of the change in particle displacement over the span of a single pixel. It is calculated here
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by dividing the maximum displacement by half of the dimension of a single vortex (i.e. 1/4 of the
sinusoidal wavelength),
4A
DS =
(3)
min(ω x , ω y )
The magnitudes of both DR and DS provide practical indications about the difficulty of the particle
tracking problem. In general terms, the larger the magnitude of DR and/or DS the more difficult the
particle tracking analysis becomes.
Nine synthetic test cases are used to benchmark the utility of the EPTA in comparison with the
algorithms of Baek & Lee [2, 13] and Labonte [10]; however, it is important to note that this
comparative analysis is not meant to statistically quantify the amount by which one algorithm is
‘better’ than another. Providing a conclusive comparison between the many existing PTV
algorithms over a range of flow conditions has yet to appear in the literature and should be the
subject of future work. With this in mind, it should also be noted that accomplishing such a task
will not be a simple matter because there is not unified agreement about the important aspects that
should make up such a comparison. These include:
1. the set of flow metrics and characterizing image parameters that should be used to classify
and/or describe the broad spectrum of conditions in different PTV experiments,
2. the type of information that should be made available and/or used by a PTV algorithm prior
to tracking (i.e. boundary conditions, more than two temporally successive images, particle
shape and intensity information, etc.),
3. the criteria used to determine the effectiveness of a PTV algorithm and the range of metrics
used to quantify the accuracy of tracking results, and
4. how results derived from comparative analyses should be applied when conducting a PTV
experiment in cases where the flow field dynamics are not known a-priori.
Subject to the fact that these issues are unlikely to be resolved in the near future, a most effective
approach to rationalize the application of one or more motion interrogation algorithms to a
particular set of images is to understand the assumptions and comparative differences in operation
between the various algorithms. Besides a thorough analysis of the theory supporting algorithm
development, some of this understanding can be gleaned from the inspection of results obtained
from benchmark tests.
Applying the EPTA
The methodology for applying the EPTA is shown in figures 2 and figures 3.
•

The number of iterations, NI, is computed in step D.2 by setting CN1 and CN2 to 1 and 5
respectively.

•

The value of ε computed in step D.4 as a function of CεI is computed by setting Cknee to the
nominal value of 0.2.

•

The B-spline patch size is initialized as 128x128 pixels and is reduced in a diadic fashion
down to a minimum size of 32x32 pixels (i.e. CHinit = 1=2, CHreduct = 2, and CHmin = 1/8). The
value of n and εthresh used to compute the value of λ and the B-spline patch size at each
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iteration, I, are set using the nominal values of 2 and 0.05 respectively.
•

The value of the Lagrange multiplier, T, that controls the softness of the correspondences is
initialized using, CTinit = 3, in step B.e, and is decremented in step D.6 using, CTiterI = 1 ∀ I.
The minimum value of T is set to the nominal value of 0.10 in step B.b.

•

The null correspondence values computed in step D.1 are determined using C1 = 1 and
setting C2 as shown in table 1.

With the exception of the parameter C2, which is used to compute the null correspondence
threshold, algorithm parameters remain the same for all test cases. The greater number of user
defined parameters in the EPTA indicates the degree of flexibility afforded by the algorithm;
however, greater flexibility can often mean more knowledge is required for effective algorithm
application. With the EPTA this general rule is not allayed; however, the fact that only one user
defined parameter is changed between test cases provides a measure of confidence about the ease
with which the EPTA can be applied (at least to a certain class of similar flows).
Results
Algorithm Results for Test Cases
A summary of tracking results obtained by each algorithm for each of the nine test cases is shown
in tables 2 and 3. In tables 2 and 3 the case parameters presented in the left-most columns are the
same as in table 1 except for the additional columns denoting particle dropout percentage, and the
actual number of particle correspondences, AC. The number of the figure corresponding to each
case is also listed. Each test case is run five times to simulate different levels of particle dropout.
•

In the first three of the five particle dropout scenarios, 0%, 10%, and 25% of the particles
are removed from the image 1 and no particles are removed from image 2. Results from
these ‘few to many’ scenarios are shown in table 2.

•

The last two particle dropout tests mirror the 10%, and 25% particle dropout tests above
except that the time index is reversed. In this way the tracking of particles proceeds by
analysing the motion of particles on image 2 as they move to indices on image 1. This
simulates a ‘many to few’ condition since there are more particles on the image 2 than on
image 1. Results for these scenarios are shown in table 3.

Particle dropout cases are chosen to demonstrate the behaviour of the algorithm under controlled
conditions as well as to represent endpoints on a continuum where particles are removed or added
to both images. Summarizing metrics used to compare the tracking results for each of the
algorithms are shown on the right of tables 2 and 3. These include:
•
•
•
•
•

the number of measured correspondences, MC,
the recovery ratio, RR = MC/AC,
the number of correctly measured (valid) correspondences, VC,
the measured error ratio, MER = VC/MC,
and the total error ratio, TER = VC/AC,
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Figure 2: Enhanced particle tracking algorithm (EPTA) based on EM, continued in figure 3
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Figure 3: Enhanced particle tracking algorithm (EPTA) based on EM, continued from figure 2

Results are shown for the EPTA using both the thin plate spline (TPS) regularizer and the vorticityshear-dilation (VSD) regularizer. As a guide to the reader, the relative improvement of the EPTA
over the methods of Labonte [10] and Baek & Lee [2, 13] for each of these cases is most easily
identified by comparing values of the TER (columns marked in bold).
General Observations from Tables 2 and 3
The results presented in tables 2 and 3 facilitate many comparative analyses however the following
four general evaluations are the most important.
1. Except for case 1.1, both the thin plate spline (TPS) and vorticity-shear-dilation (VSD)
versions of the enhanced particle tracking algorithm (EPTA) outperform the methods of
Baek & Lee [2, 13] and Labonte [10]. For case 1.1, which is a single vortex with 200
particles, results for all methods are comparable. To quantify the improvement of the EPTA
over the other methods, the average difference of the TER over all particle dropout scenarios
is listed for each case in table 4. The most significant differences in the TER are observed
for cases 3 through 9 where the combined effects of increased particle number density,
greater particle displacement, and larger flow gradients make the tracking problem more
difficult. Averaging TER values over all test cases, values obtained for the EPTA are higher
than those of obtained for Labonte and Baek & Lee by 0.45 and 0.20 respectively.
2. Based on the results in tables 2 and 3 the differences between the TPS and VSD versions of
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the EPTA are not large enough to make definitive conclusions about whether one method is
superior to the other.
3. As a general rule, the best tracking results are obtained when there is no particle dropout.
This observation is independent of the tracking algorithm employed. As particle drop out
increases the tracking problem becomes more difficult for all of the algorithms. In general,
the degradation of TER values from that obtained for the 0% particle dropout case is largest
for the method of Labonte [10], but is also significant for the method of Baek & Lee [2, 13].
TER values are also degraded for the EPTA but to a lesser extent than for the other methods.
Degradation of the TER for the EPTA is most evident only for the more complicated flows
in cases 8 and 9 which contain 8 and 16 vortices respectively.
4. Except for the method of Labonte [10], the tracking results for all algorithms are better for
the ‘few to many’ scenario than for the ‘many to few’ scenario. Over all test cases, the
average difference between the TER value calculated for the ‘few to many’ and the ‘many to
few’ scenarios are 0.11, 0.08, and 0.11, for the algorithm of Baek & Lee [2, 13] and the
EPTA with TPS and VSD, respectively.
Results for one of the nine test cases is presented in figure 4 (case 2). In this figure, the plots across
the top row depict particle indices and actual correspondences. Particles on image 1 are marked in
blue and particles on image 2 are marked in red. Axes labels are in pixel units. Any particles
encircled in green are those that appear on one image but do not appear on the other. The bottom
four plots in each figure are the tracking results producing using each of the algorithms. Incorrectly
tracked particles are encircled in magenta. Particles determined not to have a corresponding partner
on the adjacent image are not shown. MER and TER values consistent with those in tables 2 and 3
are listed under each result.
Discussion of Figure 4
In the case of figure 4, where DR = 3.13 and DS = 0.125, the best tracking results are returned by
the EPTA. By comparing the TPS and VSD versions of the EPTA, it is noted that the VSD provides
slightly better performance in the corner regions where particle displacements are sharply reduced
and the direction of motion changes rapidly. It is probably due to the fact that the 1st order VSD is a
slightly less stringent smoothness model than the 2nd order TPS. The field results in figure 4
illustrate the improvement afforded by the EPTA in comparison with the other methods; however, it
is also clear that there is still room for development. From analyses of iterate results (not shown) it
appears that the tracking errors produced using the EPTA are linked to the way that the algorithm
converges in each individual scenario. At present there does not exist a practical PTV algorithm that
is general enough to be used in a variety of flows without significant user intervention and/or
pretesting. As such, there still exist exciting opportunities for future research in the area of PTV and
the future development of the EPTA and/or algorithms that employ ideas contained within the
EPTA.
Conclusions
An enhanced particle tracking algorithm is developed based on a modified expectation
maximization algorithm. The appreciable improvement in the accuracy of EPTA tracking results
for the test cases presented here shows the benefits of explicitly incorporating a vector field
representation that is flexible yet regularized and serves as a model to both guide and constrain the
process of determining particle correspondence. In particular, it is shown how two B-spline
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surfaces that are regularized using either a thin plate spline (TPS) or velocity-shear-dilation (VSD)
model can accommodate flow gradients while attempting to maintain a degree of smoothness in the
displacement field during the determination of particle-to-particle correspondence.
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Figure 4: Case 2: 1 Vortex, 600 particles, maximum displacement 16 pix, DR = 3.13, DS = 0.125
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