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ABSTRACT
A super-resolution approach for the analysis of particle image velocimetry (PIV) recordings is investigated. The
method is based on image correlation with respect to the second spatial derivatives of the particle image displacement
distribution. The direct measurement of the displacement second derivatives (spatial curvature) is obtained maximising
the product of deformed particle image patterns. The paper describes the performance of the cross-correlation approach
in terms of spatial resolution in analogy with linear filters (moving average) as directly applied to the displacement
distribution over the interrogation window. The proposed method aims at reducing the evaluation error introducing a
correlation scheme, which directly measures the local second derivatives of the displacement distribution over the
interrogation window. The window product is maximised separately for each spatial derivative term in order to reduce the
large computational cost associated to image deformation and re-sampling and image product. The methods performance
is assessed first evaluating the modulation transfer function using synthetic PIV images with a one-dimensional
sinusoidal displacement, where results show a factor three spatial resolution enhancement. The extension to the twodimensional case is obtained by simulation of homogeneous random fluctuations. The measurement uncertainty is kept
at the same level as that of the window deformation iterative and multi-grid method (WIDIM). The assessment of the
method’s performances in actual experimental conditions is made analysing a wall jet flow, focussing the attention to the
steep velocity profile across the free shear layer. The assessment compares the velocity and vorticity profiles obtained
varying the size of the interrogation window. The factor three improvement of the spatial resolution is confirmed also for
the experimental case. However a slight increase of the measurement uncertainty is observed.

1. INTRODUCTION
The aspect of spatial resolution in the PIV technique is often regarded with concern, since the typical size of the
measurement volume is often too large to follow the spatial velocity fluctuations with the smallest flow length scale. The
most common strategy to improve the spatial resolution consists in reducing the size of the interrogation window or
shaping it so as to minimize the velocity differences across the interrogation window. The first approach has the
drawback of increasing the measurement noise (lower number of particle images). Also the confidence level, commonly
measured by means of the signal-to-noise ratio (SN) drops dramatically when the number of particle image pairs
decreases below 10 (Adrian, 1991). Numerous studies have attempted to exploit the limits of PIV recordings interrogation
at high resolution. Among the first solutions proposed to de-couple the maximum in-plane displacement and the size of
the interrogation window (known as the one-quarter criterion, Adrian 1991) is the multi-grid approach (Soria 1996, Raffel
et al. 1998, Scarano and Riethmuller, 1999). Hart (2002) proposed a correlation-based correction (CBC) significantly
enhancing the correlation signal-to-noise level, which achieved a correct correlation at a window size as small as 4 pixels.
However the improvement in robustness and resolution did not seem to be accompanied by the appropriate
measurement accuracy. On the other hand the breakthrough obtained with image deformation methods (Huang et al.
1993, Jambunathan et al. 1995, Scarano and Riethmuller, 2000) in terms of increased accuracy and velocity gradient
dynamic range only brought marginal improvements in terms of spatial resolution. Lin and Perlin (1998) attempted to
solve the problem of the interrogation start-up with a super-resolution type algorithm based on sub-window cross
correlation, which proved to improve the interrogation performances on free surface boundaries. Keane et al. (1995)
proposed a hybrid method combining the cross-correlation interrogation followed by the particle tracking. Since the
method aimed at the measurement of flow details smaller than the interrogation windows, it was baptised as a super-
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resolution technique. More efforts followed with more sophisticated approaches to particle image detection, pairing and
to transfer the information from the cross-correlation to initialise the single particles displacement resulting in a more
accurate evaluation of the particle displacement (Cowen and Monismith, 1997; Takehara et al., 2000; Stitou and
Riethmuller, 2001; Bastiaans et al. 2002). A different approach to achieve super-resolution was followed by Nogueira et
al., (1999) with the local field correction (LFC) technique making use of a weighting function to enlarge the spatial
frequency bandwidth of the cross-correlation interrogation. All the mentioned studies applying cross-correlation (CC) to
the measurement of the particle image displacement return a single vector information for each interrogation window in
representation of the particle image displacement. The current study approaches the problem starting from two
fundamental questions about the cross-correlation analysis of PIV recordings. Is it possible to extract more than a single
displacement vector information from the interrogation window performing image correlation on the displacement spatial
derivatives? And if so, what accuracy and resolution are to be expected? The proposed method finds its motivation in
the attempt to increase the spatial resolution of the flow tracers motion measurement according to a recent analysis of
the image evaluation error associated to lack of spatial resolution (Scarano 2003). The measurement of the particle image
pattern deformation is attempted combining the two-dimensional spatial correlation with an image correlation technique
in the domain of the displacement spatial derivatives. To this respect the study attempts to bridge the CC approach
broadly followed in the PIV community, with that proposed by Tokumaru and Dimotakis (1995) proposing a correlation
image velocimetry (CIV) technique, aiming at the measurement of the continuous deformation of the particle image
pattern based on optical flow (OF) theory. In particular the difference is minimised in the equation for the rate of change
of image brightness as defined by Horn and Schunck (1981) for the problem of OF determination. However, one of the
hypotheses at the basis of OF theory is the smoothness of the image brightness (differentiable), which cannot be
considered as valid for images of particles where the particle image size can be of the order of a single pixel. Therefore
the current study proposes the measurement of the displacement field derivatives maximising the product of the
deformed particle image patterns. Since the method is based on the combination of a spatial CC iterative image
deformation method (WIDIM) and the correlation in the space of the displacement second derivatives, the first part of
the paper is devoted to the discussion of the iterative image deformation method and the error associated to the finite
spatial resolution. Then the method background is given in terms of the mathematical description of the second
derivatives correlation operator. The discussion is followed by an extensive evaluation of the method’s performances
with benchmark synthetic images of known displacement distribution. Moreover the method is assessed with the
application to a laminar wall jet flow where effects such as CCD image saturation, peak locking (under-resolved particle
images) and background noise are present.

2. DIRECT CORRELATION OF 2 nd SPATIAL DERIVATIVES
With a degree of generality, the application of the cross-correlation operator can be interpreted as an optimisation
process:

max ∫ f (x , y ) g ( x + ∆x , y + ∆y ) dxdy
?

(1)

W

Where ∆ = (∆x, ∆y) is the vector parameter to be determined that maximises the correlation function between the
functions g and f within the window W. (eq. 1) yields an exact match (unit correlation peak height) when the displacement
is uniform across the interrogation window. If the displacement over the window size is not uniform then ∆ becomes a
function of the spatial coordinates namely ∆(x,y) = [∆x(x,y), ∆y(x,y)] and more parameters must be determined to describe
it. Expanding the displacement distribution over the interrogation window by means of a Taylor series one obtains for
the horizontal component ∆x(x,y):
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Where the spatial derivatives are evaluated in the centre of the interrogation window (x0,y 0). The conventional spatial
correlation takes into account only the first term on the right hand side term of the above equation. Removing the
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restrictive hypothesis of uniform displacement within the interrogation window the optimisation process is then
extended to the displacement and its spatial derivatives:

max ∫ f ( x , y) g  x + ∆x ( x , y ) , y + ∆y ( x , y ) dxdy
W

(3)

( ∆x , ∆y )

The number of parameters to be determined increases with the order of the series expansion as discussed by
Tokumaru and Dimotakis (1995) and later by Scarano (2002). When the series is truncated at the second order the
number of parameters to be determined is p = 12. The computational effort to perform the global optimisation (i.e.
evaluate the correlation in a 12-dimensional space) is given by M2p where M is the linear size in pixel of the correlation
window. It should be added that the computational cost is further increased by the necessary operation of image
interpolation for sub-pixel deformation. According to linear filter theory, the term responsible for the CC error due to
poor spatial resolution εMA is given only by the 2nd spatial derivatives of the displacement distribution and it reads as
(Scarano, 2003):

ε MA ( x , y ) =

Where a =

1

2

1
⋅ ( a⋅ lx2 + d ⋅ l y2 )
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the displacement 2nd derivatives returns a correlation in the space of 2nd derivatives. In the conceptual case of a onedimensional problem the product Φ(C) to be maximised reads as:

(
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Where the coefficient C =

1 ∂ 2 ∆x varies over a prescribed range. The evaluation of the image product in the
2 ∂x 2

two-dimensional problem is obtained when all the terms of the displacement derivatives are varied simultaneously, and it
returns a maximum corresponding to a global optimum. However this approach is computationally not affordable and the
present study proposes an approximation of it, obtained with an iterative local optimisation method, which largely
reduces the computational effort. The parameters: ∂2∆x/∂x2, ∂2∆x/∂y2, ∂2∆y/∂x2, ∂2∆y/∂y2, (u xx ,u yy ,vxx ,vyy respectively) are
separately returned by the optimisation process. The function to be maximised is the product of between the two
interrogation window when a relative deformation is applied. Four one-dimensional correlation functions are introduced,
Φ(u xx ), Γ(u yy ), Η(vxx ), Ι(vyy ) respectively. Each correlation function takes into account the relative deformation of the
interrogation windows introduced by one term of the displacement second derivative. For instance the function relative
to u xx reads as:

Φ ( uxx ) =

∫ f (x + ξ
W

uxx

) (

)
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Where ξ uxx (x) is the function used to horizontally deform the interrogation windows according to an imposed
value of the second derivative u xx , and lx is the window size along the x-direction. Fig. 1 shows the relative window
deformation according to the second derivatives u xx and u yy . Notice that the segments between the diamond-labelled
control points are curved lines for a visualization purpose. The function used to deform the windows in the present case
is piecewise linear according to eq. 5 with straight lines connecting the control points. It should also be remarked that
the deformation of the window is performed symmetrically: both windows are deformed in opposite directions similarly to
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what is done for the iterative image deformation method scheme. The numerical implementation of the deformation
scheme requires special attention for what concerns the choice of the step for the windows deformation. In the case of
basic cross-correlation the choice is straightforward since the windows are shifted one with respect to the other of
integer pixels. However for the windows deformation with curvature, the pixel unit becomes meaningless since the
displacement is not uniform across the window. In the present case the local value of the second spatial derivatives is
estimated by finite differences of the result from a previous CC analysis . The range to be measured is then covered
within 10 uniform steps adapted for each of the spatial derivatives.

u xx = 0; u yy < 0

u xx = 0; u yy > 0

u xx = 0; u yy = 0

u xx < 0; u yy = 0

u xx > 0; u yy = 0

Fig. 1. Window deformation pattern according to the displacement second derivatives. Control points located at the
window corners and at mid point of sides and diagonals.
The maximisation of Φ, Γ, Η, Ι, returns the measurement of the value of the second derivative and in turn to four
correction terms for the two displacement components, u curv -x , u curv -y , vcurv -x , vcurv -y respectively. The accuracy in the
determination of the location of the maximum in the correlation functions is increased applying a three-points gaussian
fit. The expression of the displacement corrected with the 2nd derivative correlation is evaluated iteratively:
k
k
u k − uCC = u kp−1 + ucurv
− x + ucurv − y

(8)

k
k
v k − vCC = vkp−1 + vcurv
− x + vcurv − y

In this case the prediction-correction is performed only on the residual part of the displacement (u-u cc ,v-vcc ). Three
to four iterations are typically necessary to achieve a difference between results at successive iterations below 3% of the
overall correction term.

3. PERFORMANCE ASSESSMENT
The methods performance is assessed analysing synthetic images of known displacement distribution as well as
images obtained from a real experiment. The analysis of a one-dimensional sinusoidal displacement distribution is
performed to evaluate the response of the interrogation method to a displacement distribution with a single wavelength
obtained with WIDIM with and without the 2nd order correction. The sinusoid amplitude is U0=2 pixels and several values
of the wavelength are considered: Λ = {90,80,70,60,50,40} pixels . Different values of the window linear size are
considered with l = {11, 21, 31} pixels. A large window overlap factor OF (ranging between 75% and 85%) is chosen in
order to minimise the error due to vector interpolation in the region of the maximum displacement. Fig. 2-top shows the
typical displacement vector field. Since the displacement only varies along the y-coordinate u YY is the only non-zero term.
The correction term accounts for the higher maximum approaching the actual particle image displacement of 2 pixels. By
varying the window size and the sinusoid wavelength Λ, the amplitude response diagram is obtained as a function of the
normalized window size l* = l/Λ.
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Fig. 2. Top: 1-D sinusoidal displacement distribution (l=31 pixels, OF=85%,
Λ=100 pixels). Bottom: error scatter plot (in pixels unit).

The result is shown in Fig. 3. The continuous solid line represents the response of a top-hat MA filter with a length equal
to the window size. The data series relative to the application of the WIDIM algorithm is slightly below the MA filter
response confirming the behavior of CC as a moving average filter. The long-dashed line and the dashed line represent
the response of a MA filter of half and one-third the window size respectively. The result obtained applying the 2nd order
correction follows the behavior of a MA filter of about one-third the window size concluding that the spatial resolution is
enhanced of a factor three. The data series on the lower side of the plot area indicate the standard deviation of the
measured displacement at the sinusoid maximum normalized with respect to U0. The overall uncertainty ranges from 1%
to 6% increasing with l* as expected. For a given value of l* the uncertainty also increases when decreasing the window
size l. The results obtained with the 2nd order correction show a slightly higher uncertainty. The error scatter plot relative
to the case l=31 pixels and Λ = 90 pixels is plotted in Fig. 3-bottom. The WIDIM result shows large errors only in the ucomponent, due to the spatial modulation. The standard deviation of the error on the v-component returns a typical
figure of uncertainty for WIDIM below 0.02 pixels. A slight correlation between the two components of the error is
observed. The 2nd order correction mostly decreases the error of the u-component reducing it from 0.24 to 0.035 pixels,
while no significant difference is found for the v-component.
The performance assessment is extended to a two-dimensional displacement distribution, which allows evaluating the
performance of the 2nd order correction method when all correlation functions Φ, Γ, Η and Ι have to be considered for the
correction. Moreover, the two-dimensional fluctuations reproduce a situation closer to that encountered in real
experiments still with the possibility to quantify the error. For sake of simplicity a planar particle motion is considered.
The displacement field is obtained filtering a random displacement distribution with a 2-D Gaussian kernel (σ = 10 pixels).
Two cases are analysed with a maximum displacement u max = 3 pixels and u max = 10 pixels respectively. In the second case
the large displacement difference across the interrogation window exceeds the width of the correlation peak, increasing
the probability of outliers detection. The images are analysed with l = 21 pixels and OF = 80%.
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Fig. 3. Normalised amplitude response diagram and measurement uncertainty

Fig. 4-left side shows the u-component of the exact displacement distribution of the particle images. The pictures
in the centre and on the right side show the result obtained with WIDIM and the 2nd order correction respectively. The
displacement contours returned from WIDIM resemble a low-pass filtered version of the actual displacement distribution.
The displacement contours smoothness also indicates a relatively low noise level. The 2nd order correction returns a
visible increase of the local velocity fluctuations to the point that the difference with respect to the actual displacement
becomes barely visible. It should be remarked that in the present situation the smallest scale in the displacement
distribution is about 10 pixels, while the equivalent interrogation window size is about 7 pixels for the 2nd order
correction, which partly justifies the result. The scatter plot of the error (Fig. 5), is symmetrically distributed around the
origin and the WIDIM analysis yields a standard deviation of 0.16 pixels (5% of u max). The error associated to the analysis
with the 2nd order correction shows a standard deviation of 0.035 pixels (1.2% of u max).
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Fig. 4. Spatial distribution of the displacement u-component. Top: u max = 3 pixels. Bottom u max = 10 pixels. Left:
imposed particle image displacement distribution; centre: WIDIM analysis; right: WIDIM+2nd order
correlation.
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4. WALL JET EXPERIMENT
The question arises whether the proposed method would confirm its performances so far assessed by means of
synthetic images with no image noise or optical aberration, optimal particle image size and for a purely two-dimensional
displacement. Would the proposed method return a comparable improvement when applied to real PIV recordings
obtained under less controlled illumination, imaging and flow conditions? It is therefore necessary to validate the
behaviour of the 2nd order correction method in actual experimental conditions. The flow at the exit of a two-dimensional
contoured nozzle producing a two-dimensional laminar wall jet is considered. Early theoretical solutions of the laminar
and turbulent wall jet flow have been obtained by Glauert (1956). The experiments are performed in the wall jet facility of
DETEC at the University of Naples. A more complete description of the wall jet experiment is given by Scarano et al.
(1999). A stable air flow with exit velocity Vexit = 1.9 ms-1 is supplied by a compressed air line connected to a 40 bar air
reservoir. Oil droplets of 1 µm mean diameter are used, the airflow in the 200(w)×200(h)×400(l) mm3 settling chamber
passes through a flow straightener and a fine mesh in order to obtain quasi-parallel and low-turbulence flow conditions
upstream the nozzle section. A two-dimensional nozzle 5 mm high and 200 mm wide is obtained from circular converging
profiles of 20 mm curvature radius. The contraction ratio is 40:1 according to the height of the settling chamber. A 200
mm wide and 400 mm long Plexiglas flat plate is installed at the edge of the jet exit.
A Quanta Systems double cavity Nd:Yag laser delivers two pulses of about 6 ns duration and of 200 mJ energy at
532 nm wavelength. The pulse separation of 300 µs allows a maximum displacement at the jet exit of 9 pixels (0.6 mm).
The laser sheet thickness is 700 µm (laser sheets overlap 75%) illuminating a region of about 10×10 cm2. A Kodak
Megaplus ES 1.0 CCD captor (1008 × 1018 pixels, 8 bits) is linked to a Matrox Genesis LC frame grabber, which acquire
and store in digital format the particle images on separate frames at a rate of 2 Hz. A region of 72×40 mm2 is imaged in the
field of view at a spatial resolution of 14 pixels/mm. An objective with 50 mm focal length is used with f# = 5.6. The given
settings yielded slightly under-resolved particle images (1 pixel particle image diameter). Moreover the particle image
light intensity saturates the range of the 8-bit CCD. A set of 780 recordings is acquired, which allows a statistical flow
analysis. The attention of the present study is focused on the flow in proximity of the jet exit, upstream of the shear layer
roll-up. In the interval x/d ∈ [0, 2] the separated shear layer emanating from the jet edge opposite to the wall is relatively
thin and constitutes a suitable benchmark to verify the spatial resolution performances of the proposed method. The jet
exit region is analysed with different sizes of the interrogation window ranging from 31 to 11 pixels, the lower limit of 11
pixels being dictated by the acceptable correlation signal-to-noise ratio. The overlap factor is varied so as to keep
constant the interrogation grid step of 4 pixels. The mean velocity and vorticity distribution in the exit region is shown in
Fig. 6–left. Three distinct regions can be observed: the potential core of the jet with uniform velocity; the stagnant flow
outside the jet; the inner and the outer shear layers. The spatial development of the separated shear layer can be
appreciated from the velocity contour lines. The shear layer thickness at x/d = 0.5 is about δ = 1.1 mm corresponding to
about 16 pixels, therefore the analysis is performed with a value of the window size ranging below and above δ. The selfsimilar development of the laminar shear layer on the outer edge of the jet is verified and the result is shown in Fig. 6-
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right. The velocity profiles collapse within 5% over two jet heights. Beyond that distance the profiles do not follow the
same similarity law due to the growth of Kelvin-Helmholtz instability waves. The first comparison between the result
obtained with WIDIM and that relative to the 2nd order correction is given in terms of the correlation peak height as
shown in Fig. 7, where the average peak height over 200 recordings analysed with l = 31 pixels is shown. The value of
the correlation peak in the stagnant region is about 0.6 dropping to 0.35 across the shear layer in the WIDIM analysis.
The correlation maximum returned by the 2nd order correction in the stagnant flow region is unchanged, however it is
remarkable that in the jet and along the outer shear layer, the correlation peak height is increased of 30% to 50% with
respect to the WIDIM analysis, which confirms the hypothesis that a more complete image matching is achieved. The
mean velocity and vorticity profiles are shown in Fig. 8-top. The velocity profiles returned with the WIDIM method show
the typical low-pass filtering effect across the shear layer profile for l = 21 pixels or larger. It should be noticed however
that the velocity profiles returned by WIDIM are relatively smooth and no discontinuity is observed across the steep
velocity profile in the shear layer, which is due to the image deformation technique as opposed to the correlation without
deformation. In fact in the latter case the velocity profile starts exhibiting a discontinuous behaviour when the rate of
deformation is such that several distinct peaks appear in the correlation map (Scarano and Riethmuller, 2000). When the
vorticity profiles are considered, the vorticity peak height decreases when size of the interrogation window is increased.
The results obtained with the 2nd order correction show that the analysis with a window size of 21 pixels returns a
velocity and vorticity profile outperforming the WIDIM result obtained with l = 11 pixels.
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Fig. 6. Left: mean velocity and vorticity distribution. Right: self-similar velocity profiles along the outer shear layer at
x/h = [0.5, 0.75, 1.0, 1.25, 1.5, 1.75, 2.0].
Fig. 8-bottom shows the vorticity profiles extracted along the axis of the shear layer (locus of the inflection of the
velocity profiles). The difference between the two methods is most critical close to the jet exit as expected, where the 2nd
order correction returns a value of ωmax = 0.6 pixels/pixel. The difference of peak vorticity ωmax between the two methods
close to the jet exit goes from 20% for l = 11 pixels to 35% for l = 31 pixels. Three jet heights downstream the exit (x = 200
pixels), the difference reduces almost to zero for l = 11 pixels and to 20% for l = 31 pixels.
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Fig. 7. Wall jet mean flow measurement. Velocity vectors and correlation peal height contours (l = 31 pixels, OF =
85%). Left: WIDIM. Right: WIDIM+2nd order correction.
Although the highest resolution is obtained for the case l = 11 pixels, the analysis of the PIV recordings cannot be
usually performed at a such small size of the interrogation window due to unacceptable noise level. In particular, when
the velocity derivatives such as vorticity, strain rate or divergence are required, the noise amplified by data spatial
differentiation. To this respect the 2nd order correction method allows to analyse the images with l = 31 pixels at a
resolution compared with that obtained with WIDIM at l = 11 pixels and with a reduced noise level. The latter can be
quantified by analysing the velocity fluctuations, in the jet core close to the exit (x/d = 0.5) .The fluctuation of the
horizontal velocity component returned by WIDIM is 1.9% of the jet exit velocity and that obtained with the 2nd order
correction is 2.4% (25% higher) for l = 31 pixels. A single snapshot of the unsteady flow shown in Fig. 9 also confirms
the above consideration from a qualitative approach. In the top picture, the instantaneous velocity and vorticity field is
depicted as it is obtained from WIDIM with a window size of 31 pixels and an overlap factor of 75%. The flow
phenomenon of interest in the present case is the vortex roll-up in the outer shear layer and the induced instability of the
inner layer with vortex formation close to the wall. This phenomenon induces the vortex lift-off with consequent flow
separation as investigated by Tsuji et al. (1977). The velocity and vorticity distribution obtained with the 2nd order
correction is qualitatively identical. However it is possible to appreciate more clearly the potential core of the jet at the
exit with top hat like velocity profile. Moreover the vorticity values exhibit a wider range visible in the higher peaks of
vortex cores and shear layers.
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5. CONCLUSIONS
A super-resolution approach for the interrogation of PIV recordings has been presented. The method is based on
the direct measurement of the spatial derivatives of the particle image displacement distribution. The method is
implemented optimising separately four correlation functions, which yield the image product over the interrogation
window varying the second derivative as parameter. The iterative evaluation of the derivatives allows to correct the
dis placement as obtained from the cross-correlation analysis. The performance assessment made on a one-dimensional
sinusoidal shear motion returns shows that the 2nd order correction method results compare with an interrogation
performed with a window size at least three times smaller than that actually used. Conversely the results of the WIDIM
interrogation reproduce the situation predicted by a moving average filter. The tests on two dimensional homogeneous
fluctuations shows a similar improvement with a reduction of the error standard deviation with a factor four for both
small and large amplitude fluctuations.
The study covered the aspect of stability of iterative cross-correlation analysis of PIV recordings from a
theoretical and numerical viewpoint. It was shown that the predictor-corrector procedure based on the local value of the
measured displacement leads to the growth of unstable waves. Opposed to that, the scheme that adopts the integral of
the displacement over the interrogation window does not suffer from any type of instability and returns a measurement
in good agreement with linear filters theory. Moreover convergence is reached almost immediately (three iterations are
sufficient) with respect to the local predictor method, which reaches a minimum error after about 8 iterations and then
starts to diverge. The major advantage of a local scheme is that it shows a higher spatial resolution, however at the cost
of a higher noise level. An optimum is achieved if the unstable wavelengths are damped at each iteration except for the
last iteration. In this case a high spatial response is also associated to the lowest measurement RMS uncertainty.
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