Structure of turbulent heat flux
in a flow over heated waves
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Abstract. We present a method for determining the heat flux in a fully developed turbulent
flow at Reynolds numbers between 2400 and 11200, defined by the half channel height and
the bulk velocity. A wide water channel with sinusoidal heated bottom and a flat top wall is
considered. The wavelength, Λ, of the wavy bottom wall equals the channel height and the
wave amplitude is ten times smaller. The wavy PVC bottom wall is covered with a thin layer
of Manganin foil and can be heated resistively, providing constant heat flux boundary condition. Determining the turbulent heat flux, −%u0i T 0 , requires simultaneously resolving velocity
and temperature fields. Digital particle image velocimetry (PIV) and liquid crystal thermometry (LCT) are used simultaneously - within the same area of view (AOV) - to examine the
spatial variation of the velocity and the temperature field in a horizontal plane above the wave
crest. Structural information on the temperature and velocity field are obtained by a proper
orthogonal decomposition analysis. A comparison of eigenfunctions and spectra of eigenvalues
at different Reynolds numbers provide a basis for scaling considerations. A characteristic spanwise scale found in the velocity field can be confirmed in the temperature field for the first two
eigenfunctions. The largest structures carry the bulk of the momentum and, further, the bulk
of heat. Therefore criteria can be established for the improvement of scalar mixing processes
through turbulent flow structures. In the outer region of wall-bounded turbulent flow the first
two eigenfunctions of one-dimensional POD for the velocity and temperature field have forms
that are independend of the Reynolds number.
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Figure 1: Turbulent heat flux, −%u0i T 0 , in the (x, z)-plane obtained from 500 velocity and
temperature fields with AOV=0.83Λ(streamwise)×1.2Λ(spanwise), Λ=30mm, P r=5.72,
I=220 A.
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Introduction

Large-scale longitudinal structures play a significant role in a number of transport processes. Coherent structures are connected, large-scale turbulent fluid mass with an organized component of the vorticity correlated over the extent of the structure. Further,
large-scale structures carry a substantial fraction of the kinetic energy and Reynolds shear
stress. In previous studies we have shown, that the bulk of momentum is mainly carried
through the largest structures. Since large scale motions are expected to dominate also
the turbulent heat transport, it is necessary to investigate the flow patterns and the heat
transfer mechanism in a channel with constant heat flux boundary condition. A rigorous quantitative description of the turbulent heat transfer between a wavy surface and
the bulk is given by the thermal energy budget (Townsend, 1980). We address a novel
measurement technique to propose spatially resolving and simultaneous measurements
of the velocity and a scalar. The paper is organized as follows: Section 2 describes the
experimental setup. Section 3 presents results on non-isothermal flow over heated waves,
where dominant scales in the velocity and temperature field are obtained from a POD
analysis.

Figure 2: Coordinate system and schematic of (1) the separation region, and the regions
(2) of maximum positive and (3) negative Reynolds shear stress.

Figure 2 shows the coordinate system and schematically illustrates characteristic regions
of the mean flow field in the vicinity of the wavy surface. Coordinate x is directed parallel
to the mean flow, y is perpendicular to the top wall and z is the spanwise coordinate. The
corresponding velocity components are denoted as u, v, and w. A separation zone (1),
bounded by the isosurface of the mean streamfunction Ψ(x, y) = 0, is located in the wave
troughs. At the uphill side, two regions of maximum (2) and minimum (3) Reynolds shear
stress, −%u0 v 0 , are found. From the DNS results of Cherukat et al. (1998) for Reh = 3460,
the locations of regions (2) and (3) are found approximately 0.08Λ, and 0.01Λ above the
wall at the uphill side. The data of Cherukat et al. (1998) and Henn & Sykes (1999)
identify the energy of traverse velocity fluctuations, %w02 , to be maximal at a location
that is close to region (3). The developed turbulent flow is characterized by the ratio of
the amplitude, 2a, to the wavelength, α = 2a/Λ = 0.1, and the Reynolds number:
Reh =

Ub · h
,
ν

2

(1)

where ν denotes the kinematic viscosity, and h is the half-height of the channel. The bulk
velocity Ub is defined as
Ub =

1 Z 2h
U (xξ , y)dy,
2h yw

(2)

where xξ denotes an arbitrary x-location and yw (x) = 0.05Λ cos(x · 2π/Λ) describes the
profile of the wavy surface. Reynolds averaging is used to decompose the velocity and the
temperature into a mean and a fluctuating part: u = u + u0 and T = T + T 0 .
The literature on the stability of an isothermal, sheared flow over rigid waves suggests
the Görtler (Görtler, 1940; Saric, 1994) and the Craik-Leibovich type 2 (CL-2) instability
(Phillips & Wu, 1994) to produce, or catalyze, spanwise-periodic longitudinal vortices.
Even though such structures are of three-dimensional nature, the mostly qualitative visualizations were restricted to observations in the (x, y)-plane so far. Only recently, the
attention was drawn to the effect of the wavy wall with respect to three-dimensional,
large-scale structures. Gong et al. (1996) concluded the presence of a CL-2 mechanism
from a spanwise variation of the mean streamwise velocity in a low aspect ratio wind
tunnel. Günther & Rudolf von Rohr (2002) confirmed the existence of O{1.5Λ} scales in
a wide channel. In (x, z)-planes above the wave crests, the perturbations in the velocity
field were found to be the largest, a reason why we consider the same vertical position in
this paper. Due to the wavyness of the bottom wall, the mean flow is inhomogeneous in
the x-direction in this plane, where the spanwise direction, z, can be considered homogeneous at the measurement location in the channel center. At turbulent conditions and
a position y/Λ = 0.26, the observed longitudinal structures do not have fixed spanwise
locations but they meander laterally (Kruse et al., 2003). A discussion of characteristic
scales was based on a POD analysis of the streamwise velocity component.
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Experimental

Measurements are carried out in a channel facility with deionized and filtered water as
working fluid. The flow loop and frequency controlled pumps are designed for turbulence
measurements at Reynolds numbers up to 21’000 with light sheet techniques. The volume
of working fluid is approximately 0.280 m3 . The entire facility is made of black anodized
aluminum, PVC, and Schott BK-7 glass. For a detailed description we refer to Günther
(2001) and Günther & Rudolf von Rohr (2002).
Channel and test section. The full height of the channel, H, is 30 mm, and its aspect ratio, B/H, is 12:1. The wavelength Λ of the sinusoidal wall profile is equal to the
channel height. Optical access is provided at four streamwise locations of the wavy channel section through viewports at both side walls and at the flat top wall. Measurements
are performed for a hydrodynamically developed flow after the 50th wave crest. The
maximum AOV for the top windows is 3.3Λ(streamwise)×3.3Λ(spanwise). To determine
the fluid viscosity, the water temperature is monitored downstream of the test section.
Resistively heated wall section. In order to provide constant heat flux boundary condition, the wavy PVC bottom wall is covered with a thin layer of Manganin foil and can be
heated resistively. A Manganin foil of 1000 mm length, LM , and 300 mm width, BM , with
an uniform thickness of 50 µm is used. Manganin is a copper-manganese-nickel (CuMnNi)
3

alloy and characterized by a moderate specific electric resistance, %el,M , of 0.43 Ωmm2 m−1
at 20◦ C that is almost independent of the temperature. The resistivity is given by
RM =

%el,M LM
AM

(3)

where LM denotes the free length of the manganin layer between the two electrodes and
is measured along the wavy profile. The cross-section of the foil, AM , is equal 0.045 ×
300 mm2 . Its resistance is therefore 36.6 mΩ. At both ends, the foil is soldered to copper
electrodes. The electrodes are flush-mounted to the PVC bottom wall and connected to
a welding transformer with a maximum direct current (DC) of 380 A. The manganin foil
is attached to a milled PVC wavy wall segment with a two component adhesive (Degussa
product Agomet F310). The majority of the current, I, heats the wave section, Iwave ,
where a fraction of it travels as a blind current through the working fluid. To decrease
this effect, deionized water is used and the water conductivity is monitored during the
experiments. For a neglected blind current, the resulting heat flux can be obtained with
the resistance of the foil and the measured current:
Q = RM I 2 .

(4)

At a direct current of 220 A used in the experiment, a relative loss of heating power of
0.014% is obtained for the deionized water, which is smaller than the uncertainty of the
temperature and velocity measurements. For most numerical experiments, where turbulent flow studies are extended towards scalar transport, a passive scalar is considered,
i.e. the temperature dependency of the fluid properties is neglected. However, for real
fluid systems, a temperature dependency of the fluid properties exists. Using a moderate
heating power and a small effective temperature sensitive range of the LCT formulation,
the effect of fluid motion due to buoyancy, i.e. natural convection, is negligible. The
problem can therefore be closely approximated by the transport of a passive scalar. For
a detailed description we refer to Günther & Rudolf von Rohr (2002).
Experimental setup for simultaneous measurements of temperature and velocity
fields. The experimental arrangement is shown in Figure 3. We use digital particle image
velocimetry (PIV) (Adrian, 1991; Westerweel, 1995; Raffel et al., 1998) and liquid crystal
thermometry (LCT) (Park et al., 2001; Günther & Rudolf von Rohr, 2003) simultaneously to determine the velocity and temperature field in a 2-D plane of the flow. LCT
was found advantageous for measurements at flow fields that are characterized by small
spatial variations of the fluid temperature in the image plane, i.e. for forced convective
flows. The PIV measurement system consists of a laser, the laser optics and a 12-bit
monochrome camera with a resolution of 1024×1280 pixels2 and an AOV of 1.2Λ × 1.5Λ.
A flashlamp-pumped dual Nd:YAG laser provides the pulse light source. Within the same
AOV a 3-CCD color camera (Sony DXC-9100P) with telecentric lens, a pixel-resolution
of 768×572 for each chip and an AOV of 0.83Λ × 1.2Λ aquires the spatial color distribution of fluid-dispersed liquid crystal particles illuminated by a pulsed sheet of white light.
The telecentric lens eliminates the sensitivity of the TLC technique of the viewing angle
(Günther & Rudolf von Rohr, 2002). We consider a white-light sheet from a stroboscope
with a maximum power output of 3 Joule per pulse (Drelloscop 250, Drello). The light
sheet thickness, produced by a fiber-optic line converter, is adjusted to approximately
4
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Figure 3: Combined digital particle image velocimetry (PIV) and liquid crystal thermometry (LCT) approach to access the turbulent heat flux, −%u0i T 0 , in a developed turbulent
flow over heated waves.

2 mm with a lens aperture. Measurements are taken in the (x, z)-plane for the vertical
distance y/H = 0.26. Both systems are mounted on a traversing system to adjust the
y-position with an accuracy of approximately 10 µm.
Color calibration of liquid crystals. An accurate temperature calibration of the fluiddispersed, encapsulated TLC (Formulation BM/R30C1W, Hallcrest) is an important prerequisite for quantitative LCT measurements. The liquid crystals used are of chiral nematic type and encapsulated to particles of diameter 20 µm. As the specific gravity of
the encapsulated liquid crystal particles of 1020 kg/m3 is close to water, the sedimentation effect is limited. The effective temperature sensitive range of the TLC formulation
is approx. ∆T =1 K. The color-to-temperature conversion for quantifying the visualized
images is carried out with the calibrated relationship between the color and temperature
using a spline fitting technique described by Funatani et al. (1999). The calibration of the
TLC formulation is performed in a thermally stratified layer and described by Günther
& Rudolf von Rohr (2002).
Triggering. The triggering of the particle illumination by stroboscope and Nd:YAGlaser and the imaging by the CCD monochrome and 3-CCD color camera is controlled
by a software operated microcontroller (Model PIC16C73, Mircochip). The system is
triggered using 5V TTL pulses. The measurement routine starts by a trigger signal from
a frequency synthesizer to the synchronizer of the PIV system. When the trigger signal
comes in, the PIV system (camera and laser) starts to operate in the preset mode. The
same signal goes the same time to the microcontroller, which generates a trigger input
signal for the 3-CCD camera, the camera framegrabber and the stroboscope (LCT cycle)
precisely adjusted to the PIV-timecycle of Nd:YAG laser and monochrome camera. In
order to prevent overexposure from the Nd:YAG laser pulse to the 3-CCD chip, the LCT
cycle is delayed within Kolmogorov time scale. The interface allows a minimal time delay
∆ti of 0.1 ms. The frequency synthesizer ensures a source trigger signal of highest accu5

racy during the whole period of measurement time. The time delay controller guarantees
the precise adjustment of time between all components within each cycle.
Experimental procedures. Measurements are taken at a location after the 50th wave
crest, where we expect a hydrodynamically developed flow. Through the resistance
heater, the temperature of the working fluid in the channel, deionized water, is adjusted
to a temperature that corresponds to the lower end of the temperature sensitive range,
TW,1 = 28.95◦ C, of the TLC formulation. Through a 0.5 mm hole that is located 1.5 m
upstream of the measuring position in the channel top wall, a suspension of TLC particles and deionized water is continuously fed to the working fluid. A syringe pump ensures
a constant feeding rate. At the beginning of an experiment, a 60 ml syringe is filled
with deionized water and a TLC particle content of approximately 10 g. After the water
temperature in the non-heated channel has adjusted to the temperature TW,1 , the resistance heater is turned on. We consider an ensemble of M =500 realizations containing
5 sequences of 100 consecutive fields acquired at 1 Hz. In order to obtain satisfactory
statistics, the resistance heater is turned off after completing one measurement series. By
monitoring the exact water temperature, the minor temperature increase O{0.02−0.06K}
of the working fluid caused by the constant heat flux is being compensated by a subsequent
postprocessing procedure. After the water temperature in the channel has decreased to
the starting temperature, the procedure is repeated for additional image sequences.
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Results

Spatiotemporal information on instantaneous velocity and temperature fields. Figure
4 presents the ensemble averaged mean velocity u(x, y/Λ = 0.26, z) and mean temperature T (x, y/Λ = 0.26, z) profiles, Figure 5 shows exemplarily instantaneous snapshots
of the temperature distribution after Hue-Saturation-Intensity (HSI) conversion mapped
with velocity vector fields obtained from a local cross-correlation of velocity raw data in
the (x, z)-plane. Reynolds numbers of 2400, 5600 and 11200 are considered. The conversion of Red-Green-Blue (RBG) intensities to temperature fields is discussed in Günther
& Rudolf von Rohr (2002).
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Figure 4: Mean velocity u(x, y/Λ = 0.26, z) and mean temperature T (x, y/Λ = 0.26, z)
at Reh =2400, 5600 and 11200. AOV=0.83Λ × 1.2Λ, P r=5.72, I=220 A.
The data on the temperature and velocity fluctuations reveal information that are related to large-scale, longitudinal structures. The magnitude of velocity and temperature
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fluctuations increases with increasing Reynolds number by enhanced turbulent mixing.
From the instantaneous plots, the existence of large-scale longitudinal structures becomes
obvious. Correlated temperature and velocity fluid columns can be observed and the
dominant homogeneous zones of both fields coincide. However, structural information on
the temperature and velocity fields and quantitative contributions of different scales to
u0i T 0 cannot be found. Therefore we perform a proper orthogonal decomposition (POD)
analysis on streamwise velocity fluctuations u0 (x, y/Λ = 0.26, z, t) and temperature fluctuations T 0 (x, y/Λ = 0.26, z, t) with an ensemble of M = 500 realizations.
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Figure 5: Instantaneous temperature and velocity fluctuations at Reh =2400, 5600 and
11200. AOV=0.83Λ × 1.2Λ, P r=5.72, I=220 A.

Turbulent heat flux. Since data on instantaneous velocity and temperature fields are
available, we can connect the information on the local velocity and temperature fields to
the turbulent heat flux which is exchanged between the heated wavy bottom and the flat
top wall and therefore to the Nusselt number,
Nu =

h δT
h 0 0
.
ui T −
∆T δy
κ∆T

(5)

where T denotes an instantaneous value of the local fluid temperature, T its time average
and T 0 = T − T the local temperature fluctuation. The local velocity in the xi -directions
is denoted as ui , κ is the thermal diffusity of water. The first term, the time-averaged
product of the instantaneous velocity and the temperature fluctuation is only accessible
from simultaneous vT -measurements.
Figure 1 shows the turbulent heat flux vectors for Reynolds numbers of 2400, 5600
and 11200 to quantify large contributors to the turbulent heat transfer. A quantitative
assessment of the contributions to the turbulent heat flux from different scales of the flow
can be obtained from a proper orthogonal decomposition of the velocity and temperature
fields.
Structural information from POD analysis. We use the method of snapshots and perform a Karhunen-Loève (KL) or proper orthogonal decomposition (POD) of the streamwise velocity component and the temperature (Liu et al., 2001; Berkooz et al., 1993).
The algorithm is presented exemplarily for the streamwise velocity component. A single
coordinate 1, . . . , N with N = n · m is used to distinguish between the different positions
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in the (x, z)-plane and we write the set of spatiotemporal velocity data as:


U = {Ui }M
i=1



 u11 , u12 , . . . , u1M 


 u21 , u22 , . . . , u2M 


=

..


.




uN 1 , uN 2 , . . . , uN M

(6)



with Ui = [u1 , u2 , . . . , uN ]T . We obtain the mean streamwise velocity by averaging over
the columns:
M
1 X
U=
Ui ,
i = 1, . . . , M.
(7)
M i=1
For the velocity fluctuations then follows:
U0i = Ui − U,

i = 1, . . . , M.

(8)

Using the method of snapshots, the M × M covariance matrix becomes:
D

E

Cij = U0i , U0j ,

i, j = 1, . . . , M,

(9)

where h·, ·i is the Euclidean inner product. Since the matrix is symmetric its eigenvalues,
λi , are nonnegative, and its eigenvectors, φi , i = 1, . . . , M , form a complete orthogonal
set. The orthogonal eigenfunctions are:
Π[k] =

M
X

[k]

φi U0i ,

k = 1, . . . , M,

(10)

i=1
[k]

where φi is the i-th component of the k-th eigenvector. We can associate an energy with
the velocity fluctuations and write:
E=

M
X

λi .

(11)

i=1

The fractional contribution of one eigenfunction associated eigenvalue is
λk
Ek
= .
E
E

(12)

We consider an ensemble of M =500 realizations of the streamwise velocity u(x, y/Λ =
0.26, z, t) and the temperature T (x, y/Λ = 0.26, z, t) fields. Figure 6 presents the first
three eigenfunctions of the streamwise velocity fluctuations (first raw) and the fluid temperature fluctuations (second raw). A Reynolds number of 5600 is considered. The first
modes are the most energetic ones, higher modes indicate smaller flow structures. A
qualitative comparison of the eigenfunctions of the temperature and velocity field shows
similar structures and comparable characteristic spanwise scales in the velocity and temperature profile for each mode. Hence, the largest structures respresented by lower order
eigenfunctions are expected to dominate the turbulent momentum and heat transport by
8
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Figure 6: Eigenfunctions of modes 1-3 from a decomposition of u0 (x, y/Λ = 0.26, z, t) and
T 0 (x, y/Λ = 0.26, z, t). AOV=0.83Λ × 1.2Λ, Reh = 5600, P r=5.72, I=220 A.

Figure 7: Fractional and cumulative contribution from eigenvalues 0.85 · E obtained for a
decomposition of u0 (x, y/Λ = 0.26, z, t) and T 0 (x, y/Λ = 0.26, z, t). AOV=0.83Λ × 1.2Λ,
P r=5.72, I=220 A.

Figure 7 shows the eigenvalues λu,1 , . . . , λu,i and λT,1 , . . . , λT,i for three Reynolds numbers being ranked in a decreasing order of their fractional contribution to the turbulent
kinetic energy E. The number of POD modes to obtain a cumulative energy contribution of 0.85 · E decreases with increasing Reynolds number. The spectra of eigenvalues
confirms the dominance of modes 1-3. The first three modes represent 37% (Re = 2400),
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Figure 8: Comparison of streamwise-averaged eigenfunctions Π1,T , Π2,T , Π3,T and
Π1,u , Π2,u , Π3,u obtained for a decomposition of u0 (x, y/Λ = 0.26, z, t) and T 0 (x, y/Λ =
0.26, z, t), P r=5.72, I=220 A.

43% (Re = 5600) and 56% (Re = 11200) of the total kinetic energy in the velocity field
and 29% (Re = 2400), 43% (Re = 5600) and 58% (Re = 11200) in the temperature field.
Streamwise averaging is used to detect the spanwise maximum and minimum location of
each eigenfunction shown in Figure 8. The characteristic spanwise scale Λz , the distance
between two maximum or minimum locations, and the location of maxima and minima,
can be found and compared. The importance of the result lies in the extension to structural invariance of the eigenfunctions. The Reynolds numbers provide a range of variation
(4.7:1) adequate to make a credible test of Reynolds number invariance.
For the considered Reynolds numbers, the eigenfunctions Πu,1 and ΠT,1 , Πu,2 and
ΠT,2 respectively, have similar characteristic scales Λz in the spanwise direction for the
velocity and scalar field. The frequency and the location of the extrema of Πu,1 and ΠT,1 ,
Πu,2 and ΠT,2 , are considerable similar for the considered Reynolds numbers. However,
minor differences in the amplitudes of their oscillation exist. Further, no spanwise growth
of the vortex structure can be observed by altering Reynolds number in the considered
range. The third and higher eigenfunctions do not have fixed spanwise coordinate and the
deviation in the oscillation is remarkable, presumably because of the increased significance
of viscosity at flow structures of smaller scales.
The importance of the result lies in the experimental evidence, that large-scale structures carry the bulk of the momentum and, further, the bulk of heat. The knowledge
provides a basis for improving the momentum and heat transport through large eddies
between the wavy wall and the bulk fluid.
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Concluding Remarks

Measurements in the (x, z)-plane are expected to give a quantitative answer on how the
transport of momentum and scalar are connected to large-scale, longitudinal flow structures. Simultaneous measurements on the velocity and temperature fields are proposed
to access the turbulent heat flux, −%u0i T 0 , using a combined PIV and LCT measurement
technique. Structural information on the flow are obtained from a POD analysis.
From the dominant POD eigenfunctions for a forced convective flow situation, similar
large-scale structures with similar spanwise scales, Λz , are obtained from a decomposition
of the temperature data in agreement with those from a decomposition of the velocity
fields. The results demonstrate, that large-scale structures carry the bulk of the momentum and, further, the bulk of heat. In the (x, z)-plane above the wall layer the sinusoidal
oscillation and the location of the first two streamwise-averaged eigenfunction extrema are
nearly identical for the considered Reynolds numbers in both, the velocity and temperature field. Significant Reynolds number effects are seen in the high frequency eigenvalues,
and therefore in the amplitude of the oscillation (small scale structures). The total energy
associated with those eddies is small and has a negligible effect on the total energy of the
turbulence. We conclude, that Reynolds number similarity is given in parts of the turbulent structure, which is not directly affected by viscosity. The observation is considerably
important, since it documents the same mechanism on transport of heat and momentum
at different Reynolds numbers through large-scale structures. Therefore criteria can be
established for the enhanced efficiency of scalar mixing processes through turbulent flow
structures.
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