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ABSTRACT
The study describes the comparative analysis of two stereoscopic PIV techniques. Emphasis is given to the accuracy of
the calibration procedure. Both techniques are related to the angular displacement concept. The first one is based on the
pinhole model and is taken as a reference. The second method is based on two steps: the cross-correlation of a
calibration pattern to obtain the images dewarping function; the cross correlation of experimental images to evaluate and
correct for the misalignment between calibration and measurement plane. The methods accuracy is compared on the
basis of experimental data collected making use of a translation-rotation stage, which allows to simulate uniform
displacements and misalignments in terms of offset and rotation. The misalignment simulation results show that the
measurement accuracy is highly sensitive to relative rotation along a vertical axis between target and measurement
plane. The misalignment correction procedure takes into account the residual disparity between the dewarped images
and compensates for most of it resulting in an overall less sensitive method to the misalignment.
1. INTRODUCTION
The angular stereoscopic method appears nowadays the most popular technique to obtain three-component
planar velocity measurements with PIV. In-focus imaging at large viewing angles is obtained by means of the relative
rotation between the object lens and image plane fulfilling the Scheimpflug condition. Moreover, in order to determine
the three components by S-PIV, different measurement procedures are followed and have been classified by Prasad
(2000) in geometric and calibration based methods. In this work, two types of algorithms are used: a pinhole camera
model (3D calibration based method) and a method following that proposed by Willert (1997). The latter is further
developed into a procedure, which applies window-deformation cross-correlation analysis directly to the warped images.
Moreover the evaluation of the dewarping disparity field associated with a misalignment correction procedure (2D
calibration based method). Willert described the procedure necessary to reconstruct the three-component velocity
vectors from simple geometry and operating on the dewarped images. A resulting advantage of this approach is the
uniform spatial resolution. However the image dewarping procedure requires the spatial interpolation of the image with
possible signal degradation.
The stereo calibration method based on the camera pinhole model as described by Callaud and David (2003) is
taken as benchmark in the present work. Two different targets are adopted: a 2D target, which requires translation to
obtain the information in the out-of-plane direction; a 3D “wavy” target, which has the potential advantage that
translation is not required.
Typical problems arising from the misalignment between the measurement plane (laser light sheet) and the
reference plane (calibration target) are discussed in the error analysis section, where a theoretical model is introduced,

which describes the relation between the rotation/translation misalignment and the disparity vector map R ( x, y ) .
According to such a discussion, the need for misalignment correction is pointed out and a procedure is described, which
applies the above mentioned model to correct for the misalignment error.
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2. EXPERIMENTAL APPARATUS

Experiments were performed in a S-PIV calibration installation. A three-axes translation and one-axis (vertical) rotation
stage allows the controlled displacement of a calibration pattern. Two CCD cameras (Dantec 80C42 DoubleImage 700)
with 768×484 pixels and 8 bits were used to record the images of the planar pattern in different positions. The precision
of the traversing system was 2 µm. The viewing angles for the left and right camera are −45o and +45o respectively. The
FOV was 76.8×48.5 mm2 yielding an optical resolution of 100 µm/pixel. Different types of calibration patterns were
used in the present study. Fig. 1-left shows a 2D (planar) grid of bright dots on a dark background. Such a target
requires to be displaced every 500 µm in the out-of-plane direction with the micro-translation stage in order to produce
the set of calibration images. Fig. 1-right shows a 3D target constituted by dots placed at 5 different levels in the out-ofplane direction spaced every 500 µm. Such a target does not require the utilisation of a translation stage. The calibration
target used for the method that applies image dewarping is the printout of a synthetic PIV image posted on a flat plate.
The precision of the printing process is crucial for the determination of an accurate calibration procedure. The
calibration pattern is generated by means of a synthetic PIV image generator. The image is generated with a high
number density (ppp = 0.1, particles per pixel) and optimum particle image diameter for cross-correlation analysis
(dp = 3.0 pixels). The number of pixels coincides with that of the CCD cameras used for the measurement. Fig. 2 shows
the original digital image IDIG (in the middle) and the actual printed pattern as seen from the left and right hand side.
2.1 Procedure based on the pinhole model

The mathematical relationship between scene points in space (laser sheet) and their corresponding 2D image
points could be obtained by two transformations: a projection between 3D space point [mm] and 2D image position
[mm] and a transformation from metric to pixel unity. This procedure, named pinhole camera model, is explained in
details by Calluaud and David (2003). This camera model is defined by the relationship:
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with (X, Y, Z) being the co-ordinates of the scene point and (xi, yi) the co-ordinates of the image point.
These matrices M(cam#1)=[mij(cam#1)] and M(cam#2)=[mij(cam#2)] with i=1…3, j=1…4, of each cameras are evaluated from
different positions of a target. Finally, the 3 components are calculated by triangulation method after an interpolation
step of the stereo velocity field pair.

Fig. 1. Stereoscopic calibration targets. 2-D target (left) and 3-D target (right).
2.2 Procedure based on image dewarping and misalignment correction

The pattern is imaged in two positions at z = +1 mm and z = -1 mm respectively returning a set of four image I LC + , I RC + ,
I LC − and I RC − . The digital pattern IDIG is cross-correlated with the image of the printed pattern seen from the left and
from the right hand side respectively. The cross correlation returns directly the dewarping vector fields from the left
 +  −
 +
 −
view D L , D L and from the right view D R and D R (eq. 2). The cross-correlation is performed with a modified
equation of the iterative multi-grid window deformation algorithm (WIDIM, Scarano and Riethmuller 2000) to obtain an
accurate sub-pixel estimate of the dewarping vector field.
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I DIG ⊗ I LC − → D L
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The dewarping field at the position z = 0, D L is obtained as the average of D L and D L . The same procedure is
followed for the right side view.

Left view ( I LC )
Digital pattern ( I DIG )
Fig. 2. Stereo calibration recordings and reference digital pattern.

Right view ( I RC )

The viewing angles are calculated with the aid of a mapping procedure. The object space is the three dimensional
physical space (xobj, yobj, zobj), the image space is two dimensional sensor space (ximg, yimg), connected through the nonlinear mapping function:

ximg = f x ( xobj , yobj , zobj )

(3)

yimg = f y ( xobj , yobj , zobj )

A least-squares polynomial with cubic dependence in xobj and yobj and linear dependence in zobj is adopted, which
constitutes a convenient form to implement and yields accurate results unless distortion is extremely severe.
The expression for the estimated mapping function is:

()
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F
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i = 0, j = 0, k = 0

The residuals of the non-linear least-square fit indicates that the recovered particle location could be assigned to within 5
µm (0.05 pixels). This value is of the same order as the registration of the particles by means of cross-correlation and a
factor four below the uncertainty of detection of a single grid dot as shown in the remainder. Using a second order
dependence in the z-direction does not yield any visible improvement in the present case.
The viewing angles are then calculated from the evaluation of the dewarping field and the mapping function, through
their spatial derivatives according to the expression below:

tan α =
tan β =
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=
=
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dyimg dy proj
dz dyimg

Where dxproj is the projection of the local displacement in the horizontal direction corresponding to a displacement in the
z-direction (normal to the calibration plane). The term dximg is the measured displacement in the horizontal direction.
The first term on the right hand side is obtained by knowledge of the mechanical translation of the calibration pattern dz

and by the displacement returned by cross correlation D . The second term is obtained as the reciprocal of the spatial


derivative of D in the x-direction. In particular, the first order derivatives of D are evaluated from a least-squares twodimensional fit based on a third order polynomial. The displacement field is evaluated by cross-correlation according to
the modified form:
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Where Up and Vp are the horizontal and vertical components of the displacement predictor respectively when the crosscorrelation is performed with an iterative scheme. The coefficient that multiplies the displacement predictor takes into
account the non uniform magnification of the domain where the correlation is evaluated.
3. 3D-CALIBRATION ERROR ANALYSIS FOR SPIV PINHOLE MODEL

The influence of the 3D-calibration accuracy (2D or 3D target / threshold or correlation method) to the SPIV pinhole
model response is presented in this part. The errors introduced by the 3D-calibration method with the pinhole camera
model are quantified evaluating the average Eλ and the RMS E λ ' of the differences between the real co-ordinates (XR,
YR, ZR) and the reconstructed co-ordinates (XM, YM, ZM) of the target points by triangulation (Calluaud and David
2004).
3.1 Moving 2D target vs. static 3D target

The accuracy of the calibration step with moving 2D target over 3D target with image threshold procedure, is evaluated
with the mean and RMS differences between real and reconstructed target points by pinhole model (Fig. 3). The
calibration procedure returns errors about 1.9 ± 46 µm with 3D target calibration. Moving a 2d target allows to obtain a
better accuracy (1.5 ± 35 µm). This difference depends on the configuration of the 3D target (same depth for each
vertical dot lines). Indeed, the 3D target makes it possible to obtain a non uniform 3D mesh of the measurement domain
for each direction. Consequently, the spatial resolution is not as well defined as in the 2D case for the accurate
evaluation of the pinhole parameters for each camera. The errors are particularly pronounced in the x- and z-direction.
According to the SPIV method with angular configuration, the measurement of the velocity component in the x and zdirection are linked, therefore the calibration errors in these directions introduce important uncertainties affecting the
overall 3C measurement.
RMS of the difference E λ '

Mean of the difference Eλ

Fig. 3. Accuracy of the 3D-calibration as function of target type.
3.2 Localization by threshold or by correlation

To quantify the influence of the localization method accuracy to the pinhole parameter estimation, two procedures have
been tested with the same 2D target on the set of calibration images. The first algorithm is based on image thresholding
target point contour detection and localization of the dot coordinates by centroid weighting function (Fig. 4-left). The
second algorithm is more sophisticated. A protptype mask of the dot image is obtained from the real image and used in
the cross-correlation to generate a mean mask, which takes into account the deformation of the circular dots due to
perspective effects. Finally, the dot coordinates are obtained by a sub-pixel cross-correlation analysis (Fig. 4-right).
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Threshold method
Fig. 4. Calibration grid dots localization procedure block diagrams.

Correlation method

Those two methods are compared and the results are shown Fig. 5. The correlation method allows to significantly reduce
the mean error (0.6 ± 22 µm), consequently it is retained for the comparative analysis of two stereoscopic PIV
techniques.
RMS of the difference E λ '

Mean of the difference Eλ

Fig. 5. Accuracy of 3D-calibration as function of grid dots localization method.
3. MISALIGNMENT ERROR ANALYSIS FOR THE DEWARPING SPIV METHOD

The effect on the measurement accuracy due to the misalignment between the calibration and the measurement plane is
assessed analysing several misaligned configurations. This is done on the basis of experimental data, collected at the
Aerodynamics department at the University of Poitiers (France).
The tests are performed in the following order: first the target pattern displacement images are taken. Several sets of
calibration images are taken with a different value of the misalignment parameters: offset (ρz = {-1.0, -0.5, 0.0, +0.5,
+1.0} mm ) and rotation (ρα = {-1.0, 0.0, +1.0, +2.0, +3.0} degrees) respectively. The misalignment angle, ρα is defined
as the angle between the calibration plane and the measurement plane. Also a combination of offset ρz = 2.0 mm and
rotation misalignment of ρα =3 degrees was examined. Displacements ∆x, ∆y or ∆z were applied over the following
constant values of δ = {-1.0, -0.5, 0.0, +0.5, +1.0} mm, applied along the three coordinates directions according to the
combinations described in table 1. The precision of the traversing system was 2 µm. The viewing angles for the left and
right camera are −45o and +45o respectively. The dimension of the images is 768×484 pixels (W×H). The FOV was
76.8 mm × 48.5 mm yielding an optical resolution of 100 µm/pixel. A misalignment generally consists of a uniform
offset in the out-of-plane direction, a constant rotation around a vertical and/or horizontal axis. When not corrected, this
misalignment results in the following errors:
a) The dewarped image of the left and right view do not coincide (position error), therefore the velocity vectors are
recombined at some incorrect locations leading to an error in the value of the 3C reconstructed velocity vector
(reconstruction error).
b) The viewing angles are incorrect, which produces an error in the measured velocity component when performing
the 3C reconstruction.

5

Fig. 6. Misalignment between the calibration plane and the measurement plane. Translation misalignment ρΖ (left);
rotation misalignment ρα (right).
When analysing stereo recordings acquired with a misalignment the dewarped images do not exactly coincide. As shown
in Fig. 6 the same point in the measurement plane is imaged at two different locations in the dewarped images separated
by a distance εx. As a result, when a misalignment occurs, the cross-correlation of two simultaneous (dewarped) images
M
M
taken from both sides I DW
, L and I DW , R respectively, returns a non-zero displacement distribution, denoted as the

disparity vector R (Willert, 1997):


M
M
I DW
, L ⊗ I DW , R → R

(7)

Fig. 7 shows the disparity field when a misalignment ρα = 2 deg is applied between the calibration target and the
measurement plane. On the edges of the FOV the horizontal component of the disparity RU can be as large as 20 pixels
(2 mm). Conversely, the vertical component is close to zero and only exhibits variations within 1 pixel.

Fig. 7. Disparity map (ρα = 2 deg, ρΖ = 0 mm). Horizontal component RU (left) and vertical component RV (right).

3.1 Misalignment error theoretical estimate

As previously concluded, the disparity map is the key parameter for evaluating the misalignment between the calibration
(reference) plane and the measurement plane. In Fig. 8 the disparity variation is presented for the different misalignment
angles and with one case of offset. The horizontal component of the disparity vector is plotted versus the x-coordinate.
Only one profile is chosen since it shows a negligible dependence on the vertical direction. It is clear that even a small
misalignment angle results in a relatively large disparity at the edges of the measured domain as reported by several
investigators. Typical values of the disparity may easily exceed 10 pixels. The slope of the disparity is directly
proportional to the misalignment angle. The intersection points of the different diagrams at approximately x = 350 pixels
corresponds to the position of the rotation axis the target. In the experimental practice, this would become the
intersection between the calibration plane and the laser light sheet. Conversely, when the case with a translation
misalignment is considered, an offset in the disparity diagram is observed. In this case the mean disparity turns out to be
proportional to the offset in the z-direction.
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Fig. 8. Disparity RU for different misalignment angles and offset.
The above observation is confirmed when the slope is plotted versus the misalignment angle. Fig. 5-left shows
collapsing profiles demonstrating that the slope of the disparity is solely a function of ρα. Fig. 5-right shows several
profiles obtained with a misalignment offset ranging from –1 to 1 mm. In this case it is the value of the disparity directly
proportional to ρz. The small variation between the different graphs may be ascribed to the limited accuracy of the
translation stage (2µm). The linear regression function is also displayed in Fig. 5-left. The constant term of 0.015 pixels
(1.5µm) is in the range of the accuracy.

Fig. 9. Dependence of horizontal disparity map on misalignment angle (left) and offset (right).
Using geometric relationships based on the configuration illustrated in Fig. 6, a theoretical expression is proposed for
the angular and translation misalignment respectively:

 ∂RU 

 = ( tan α L − tan α R ) ⋅ ρα
 ∂xDW Th
dim x
⋅ ρz
RU = ( tan α L + tan α R ) ⋅
FOVx

(8)

In the second expression <RU> indicates the mean of the disparity all over the measured domain. FOVx indicates the
physical length of the measurement domain and dimx the number of pixels in the x-direction. Their ratio corresponds to
the pixel resolution (10 pixels/mm in the present case).
The above relations are written in a form that shows the linear relation between the disparity or its spatial derivative and
the offset or the rotation misalignment. When the theoretical estimate is compared with the results from the present
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experiment a striking agreement is found, which confirms that the misalignment error is entirely predicted by this model.

Table 2. Relation between misalignment and disparity. Theory and experiments results.

3.2 A posteriori misalignment error correction

The methods for misalignment correction proposed here make use of the cross-correlation between the dewarped
measurement images from the left and right hand side view, as suggested by Willert (1997). A calibration misalignment
error correction based on a very similar working principle as discussed in the present paper has also been recently
discussed by Wienecke (2003). In the present study, the information returned by the disparity field is used according to
the above described model to perform a correction of the dewarping field and of the viewing angles, therefore correcting
both forms of error associated to misalignment.
The disparity field can be obtained directly from PIV recordings. Since the cross-correlation is evaluated on image
obtained during the measurement, a lower level of signal may be expected. However when several recordings are
available, techniques of statistical signal enhancement can be applied. The dewarping field correction based on the
disparity field reads as:

 corr  0  0


D L = D L x + cL R + cL R
 corr
DR

)
(
 


= D ( x + c R) + c R
0
R

(9)

0

R

R


Where the disparity vector R is split in two parts according to the coefficients cL and cR with cL + cR = 1. The
expression of the above coefficients is obtained on the basis of geometrical considerations:

cL =

tan α L
tan α L − tan α R

cR =

tan α R
tan α L − tan α R

(10)

The above equations have a general validity and can be applied to symmetrical as well as asymmetrical viewing
configurations. In the case of symmetrical viewing, cL and cR are often approximated with the value 0.5 in such as
described in several investigations (Willert, 1997 among others). However one should consider that when the spatial
variation of these coefficients is neglected the dewarping error increases towards the edges of the field of view. The
correct viewing angles are obtained from the evaluation of the mapping function from the object space to the image
space x corr , y corr , z corr → ximg , yimg
. The corrected angles are then obtained according to the equation used to

(

) (

)

L, R

evaluate the viewing angles during calibration. From the disparity vector the exact position of the measurement plane
with respect to the calibration plane can therefore be evaluated. In particular, the assumption that the z-coordinate is
constantly zero is not valid when a relative rotation or shift has occurred between calibration and measurement planes.
The equation to correct the z-coordinate is given below:

z corr = z0 +

RU
tan α L − tan α R

(11)

After the correction procedure the disparity map can be calculated again, based on the corrected dewarping fields. In the
left plot of Fig. 10 the horizontal disparity map RU is depicted, which returns a residual horizontal disparity below 0.03
pixels (3 µm). The vertical component of the disparity is shown on the right side returning a slightly smaller error level.
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In conclusion the residual error is of the same order as the accuracy of the mapping function, which depends on the
cross-correlation accuracy. Therefore the error term due to misalignment is correctly accounted for and successfully
corrected.

Fig. 10. Spatial distribution of the corrected disparity map. Horizontal component RU (left), vertical component RV
(right).

3. RESULTS AND DISCUSSION

In this section the results of the measurement accuracy assessment are presented. The pinhole model based method is
compared with the above described calibration procedure. The tests are performed with a translation-rotation stage and
compared with the performance of the more direct technique based on the pinhole model. The target pattern
displacement during the measurement phase is described in the table below. Displacements ∆x, ∆y or ∆z are applied
over the following constant values of {-1000, -500, 0, +500, +1000} µm, which are applied along the three coordinates
directions according to the combination described in the table below:

Table 2. Applied pattern displacements.
The recorded images where analyzed with deformation multi grid cross correlation with LaVision software when the
technique based on the pinhole camera model is applied. The correlation window size is 64×64 pixels with an overlap
factor of 50%. After the interpolation step, which allows to take into account the non uniform magnification, the 3C
velocity fields are obtained by triangulation algorithm, Callaud and David (2003).
The technique based on the image dewarping and misalignment correction applies the WIDIM cross-correlation analysis
with window size of 40×40 pixels and 50% overlap factor. The iterative cross-correlation scheme is performed directly
on the raw images and the dewarping operation is performed simultaneously when the images are deformed for the
cross-correlation analysis as described in eq. 6.
The measurement accuracy is evaluated with different tools. On first, the mean and RMS values between the imposed
displacements ∆X = (∆X, ∆Y, ∆Z) and the reconstructed displacement V = (U,V,W) are calculated. Moreover, in order to
understand the influence of the S-PIV algorithms on the measurement error, the difference λ, and the global error in
each direction NEE*c have been analysed in details.
The mean and RMS of the displacement errors and the Euclidian norm of each velocity components normalized by the
given displacement (eq. 12) are presented for the pinhole model based method and for the dewarping and misalignement
correction based. The normalized mean is about 0.7% and the RMS is 0.12%. The Euclidian norm stays below 1 %.
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Fig. 11. Normalized mean (left), RMS (centre) and Euclidian norm (right) of the displacement error.
Fig. 12 shows the details of the error distribution in the three components of the displacement by means of scatter plots.
The chosen case is ∆X = (−500, −500, −500) µm (case 31), which resulted to be the most critical for the pinhole model.
The window including 98% of the measurement points returns an uncertainty of (3.5, 3.1, 6.4) µm for the U, V and W
components respectively. The result related to the image dewarping method yields an uncertainty of (3.9, 2.3, 5.7) µm
for the U, V and W components respectively. It can therefore be concluded that the two methods yield practically the
same accuracy in conditions where the misalignment error is kept under control (i.e. ρα < 0.5 degrees, ρz < 0.5% FOV).

Fig. 12. Scatter plots of the difference λ between the imposed displacements (∆X, ∆Y, ∆Z) and the reconstructed
displacements (U, V, W) obtained from the pinhole based method (top) and from the dewarping based
algorithm (bottom). Applied displacement: (-500, -500, -500) µm.
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λi = ∆c − ∆cI


∑N λi
 NEE *
=
c / uvw

∑N (∆u − ∆uI)2 + (∆v − ∆vI)2 + (∆w − ∆w I)2


(12)

with c = u, v or w

The assessment of the measured three-component displacement is presented for different misalignment angles, using the
pinhole model based method and the image dewarping with misalignment correction procedure. In Fig. 13-top the
Euclidian norm of the mean displacement error are plotted. The error on the U- and V-component does not exceed 2%
and is weakly sensitive to the rotation misalignment. However the error on the W-component exhibits a strong
dependence on ρα with an error up to 6% when ρα = 2 degrees. The error is associated to a non zero U-component of the
applied displacement. In Fig. 13-top the results are plotted in terms of RMS. The error barely exceeds 0.3% of the
applied displacement. There is no significant correlation between displacement direction and error; the influence of the
misalignment angle is also negligible. From these figures it can be concluded that an angle misalignment results in large
mean errors in the W-component (out-of-plane). The rotation misalignment case of ρα = 2 degrees is chosen out of the
cases mentioned above, to show the effects of the correction method previously defined on the displacement error. As
stated above the largest errors resulting from the misalignment occurs in the mean W-component. For this reason only
the results for the corrected W-component will be presented. The other corrected errors are similar to the uncorrected
ones, meaning the correction method does not degrade the mean and RMS errors of the other components. In Fig. 14 the
result of the correction is given. Three diagrams are presented: the data obtained with best operator alignment (α best),
that with a two degrees misalignment and that obtained with two degrees misalignment and correction. The correction
results in a dramatic drop of the error to about 1.0% even below the value obtained for the best-aligned case. This may
be due to the uncertainty left in the alignment procedure, which is estimated to about 0.5 degrees.

Fig. 13. Mean error normalised by the displacement norm (top) and RMS error (bottom).
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Fig. 14. Mean error as a function of several applied displacement components. Comparison between the case without
any misalignment (solid-red); case with misalignment without any correction (dashed-blue) and after
correction (dash-dot black).

3. CONCLUSIONS

The investigation covered the topic of stereoscopic particle image velocimetry in relation to the accuracy of two
different calibration procedures. Both techniques make use of a calibration target, which is translated in the direction
perpendicular to the target plane. A theoretical derivation of the forms of error resulting from misalignment between the
calibration plane (target) and the laser light sheet is given. According to the theoretical results a rotational misalignment
results in a linear type of error for the disparity map. A translation misalignment error introduces a fixed value of the
disparity field. Both forms of error can be detected by the analysis of the disparity map, which becomes not only a tool
to verify the correct alignment of the optical setup, but gives the possibility for an a posteriori correction of the
misalignment. A calibration method that includes the misalignment correction is described. The method is based on
image dewarping and on the correction of the dewarping field and of the viewing angles by means of the disparity field.
The method based on the pinhole model and the last mentioned method are then assessed and compared on a set of
experimental images acquired with a translation-rotation stage. The results showed that the W-component mean error is
very sensitive to misalignment errors. A misalignment of only 2 degrees introduces errors up to 6%. The misalignment
correction procedure practically eliminates such form of error and returns an overall error of about 1% even for a
misaligned setup. For a well-aligned system no difference could be appreciated between the two calibration procedures,
which return error levels of the order of 1%. The error analysis performed by means of the RMS value showed that only
65% of the data points error is included in the RMS figure. For a higher confidence level e.g. 98% the figure for the
error is as large as 2.5 times that of the RMS uncertainty.
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