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ABSTRACT
This study is concerned with the measurements of scalar variables in turbulent flows, by Laser Induced
Fluorescence. We used solutions of water and rhodamine B, to study the properties of the fluorescent
tracer and the characteristics of the fluorescence signal and its dependence on the instrumentation and
other experimental conditions.
It is shown that a linear relationship between light intensity and concentration is obtained, for laser power
up to 600 mW and rhodamine B concentration up to 0.08 mg/l. We also demonstrated that the light
absorption along the path was negligible for concentrations below 0.04 mg/l and defined the parameters
for reliable measurements up to 2 mm away from the wall.
The experimental uncertainty, determined in accordance with recent recommendations, was found to be
between 5.5 and 15.6%. Based on the bootstrap technique, the confidence intervals downgraded as the
order of the statistical moments increased. Flatness could be measured with a maximum uncertainty of
about 25%.
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1. INTRODUCTION
The laser-induced fluorescence (LIF) is a non-intrusive, optical, technique for concentration
measurements, well established in the analytical chemistry field (Guilbault, 1990), where it is called
fluorescent spectroscopy. A fundamental approach to the LIF as a technique for study of scalar turbulent
transport can be found in Walker (1987) and the first simultaneous measurements using LIF and laser
Doppler velocimetry (LDV) is usually attributed to Owen (1976).
Only the simultaneous measurements of velocity and scalar quantities enable the evaluation of the
turbulent transport, providing a deeper understanding of the turbulent mixing and assisting the
development of mathematical models. Laser induced fluorescence may easily be added as an extension to
LDV systems and this line of development has been pursued by some manufacturers, e.g. Dantec (2002).
The LDV is a light frequency, whereas the laser induced fluorescence is a light intensity based
experimental technique. This poses a series of new experimental difficulties that may require attention to
aspects, ignored in other experimental techniques, such as LDV, hindering a wider use of LIF in fluid
mechanics research.
LIF is an extremely high sensitivity experimental technique, and values of up to 10-10 M have been
reported in amine and amino acid analysis (Nouadje et al., 1996); however, this advantage, can easily
become a drawback, because requires great care in the preparation of the concentrated solutions of
fluorescent tracer to be injected in test rigs as used in fluid mechanics laboratories. The fluorescent
emission can be reduced, quenching, by a deactivation process, due to the interaction between the
fluorescent compound and another substance, by ultraviolet light (Guilbault, 1990), temperature, oxygen
or impurities in the solution. A high fluorescence signal is desirable, to enhance the signal to noise ratio
and the system resolution. However, if the concentration is too high, light absorption may occur along the
beam path (inner-cell effect in fluorescent spectroscopy applications, Guilbault, 1990) or compounds
made out of several fluorescent molecules may be formed, resulting in lower quantum efficiency and
alteration of the absorption and emission spectra of the fluorescent compound. Signal saturation may
occur as consequence of high incident radiation in solutions that are not stirred, and the fluorescence
intensity diminishes as the incident radiation increase (Walker, 1987). This may be avoided if the solution
residence time inside the control volume is lower than the photodecomposition temporal constant (20 s
for rhodamine 6G, see Koochesfahani, 1984) by continuously stirring the solutions. This also avoids
thermal booming, i.e. the localized heating of solution due to the laser beam, that originates refraction
index gradients, divergence of the incident laser beam and therefore lower fluorescence intensity. There
are few analysis of the noise associated with light intensity measurements, being Wang and Fiedler (2000
a,b) a recent exception, however and despite a wider use of LIF, a thorough analysis of the influence of
the experimental conditions is still missing when it comes to applications in fluid mechanics.
In summary, a plethora of physical and chemical phenomena that may affect the measurement of scalar
quantities by LIF are reported in the published literature. Our goal is to evaluate an experimental set-up
for simultaneous measurements of velocity and concentration, using LDV and LIF. In a companying
article in this proceedings (Lima et al, 2002), the two techniques are used to study the turbulent mixing
between co-axial jets of large velocity ratio.
The organization of the paper is the following. Section 2 includes a brief analysis of the fluorescence
signal. The experimental set-up and measuring equipment are described in Section 3, whereas Section 4 is
concerned with the presentation and discussion of the results, including uncertainty analysis. The paper
concludes with Section 5.
2. FLUORESCENCE SIGNAL CHARACTERISTICS
Fluorescence, a molecular process, is the return of an electron to the energy ground state by light
emission, after absorption of light that caused the initial transition from the energy ground state to an
excited state of energy. The frequencies of the emitted and absorbed lights are different (Stokes
fluorescence). The fundamental equation to be used in LIF measurements is (Guilbault, 1990),
(1)
I f = 2.3φ I 0 εbc
where φ is the quantum efficiency, defined as the ratio between the emitted and the absorbed energy, I0 is
the incident light intensity, ε is the molar absorptivity and b is the absorption path length. Equation (1) is
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valid for solutions with a low concentration of fluorescent dye, where the beam absorption along the path
length is negligible, and expresses a linear response of fluorescent light intensity If to concentration c.
Nephelometry is a light intensity technique based on light dispersion (Mie scattering) principles of
particles previously added to the flow, and the methodology proposed by Becker (1977) was extended to
the LIF signal analysis. The fluorescence signal originated from the control volume is collected by the
optical system and converted into the photo-multiplier output signal. Fluorescent light intensity detected
by the optical system (Ir) is proportional to fluorescence emission (If), which depends on the volume
averaged concentration of the fluorescent tracer in the measuring control volume (Becker et al., 1967)

∫

I r = Ω C dV

with a fluctuation,

(2)

[∫ ]

i 2 r = Ω 2 c' dV
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(3)

where Ω is the system optical efficiency, V is the control volume, and C and c′ are the mean and
fluctuating concentration of the tracer in the control volume.
Fluorescence signal is converted by a photo-multiplier into an electrical output signal, and according with
Becker et al. (1967) and Becker (1977) can be affected by 5 different types of noise: dark, incident light
fluctuation, optical background, electronic shot and optical attenuation noise. The photo-multiplier mean
response I A is only affected by the background and dark noise, I b and I d ,
I A = Ir + Ib + Id
(4)
The optical attenuation noise is defined by the ratio between the actual fluorescence signal and signal in
case there is no absorption along the optical path length. If the optical attenuation noise is negligible, the
current mean quadratic fluctuation is,

{

i 2 A = i 2 r + 2i r ib + i 2 b + i 2 0 + i 2 esn

where i

2

b

and

i

2

0

radiation fluctuation i

}

(5)

are the background radiation and the incident light fluctuations. The measured
2

r

is equal to the concentration turbulent fluctuation in the control volume i 2 f .

The electronic shot noise fluctuation i 2 esn includes the background radiation and dark current
fluctuations (Becker, 1977). The covariance ( ir ib ) is difficult to measure or predict, and can be
neglected, because
ir ib <  i 2 r i 2 b 



(6)

and ir and ib are of different wavelength and non-correlated, and ir ib ππ i 2 r or i 2 b . In our LIF signal
analysis, the background radiation Ib noise and dark noise Id were lumped into one single term designated
zero-level (Izl), corresponding to the light intensity measured by the photo-multiplier, without fluorescent
tracer in the control volume. The mean zero-level was equal to,
I zl = I b + I d
(7)
and its mean quadratic fluctuation was defined by,

{

}

i 2 zl = i 2 b + i 2 0 + i 2 esn .
In this way the mean measured fluorescence could be quantified by,
I r = I A − I zl and its fluctuation by, i 2 r = i 2 A − i 2 zl

.

(8)
(9 - 10)

3. EXPERIMENTAL SET-UP
3.1 Flow Configuration
Test Section. Measurements were carried out inside a Perspex tube 2 m long, 42 mm inner diameter and
walls 4 mm thick. Optical access was made through an optical box, filled in with water to reduce
refraction effects. Fluorescence measurements were made with the test section in a dark chamber to avoid
the influence of ambient light and filled up with water of a known concentration of rhodamine B.
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Simultaneous measurements of velocity and concentration were made in a coaxial jet geometry,
consisting of a flow of known concentration of rhodamine B originating from an inner jet, 19 mm
diameter, enclosed in the same Perspex tube.
Experimental Rig. The experimental rig (figure 1) was operated as an open circuit, with both the annular
and inner jet circuits supplied by a centrifugal pump and controlled by a separate set of valves.
Fluorescence measurements were made with the test section fed by the inner flow water circuit.
Simultaneous velocity and concentration measurements were made using both inner and annular flows
water circuits. The inner flow rate could reach values of 4.11×10-4 m3s-1, measured by a rotameter with a
resolution of 2% of its full scale (8.22×10-6 m3s-1). The annular jet flow rate was measured by a rotameter
with a resolution of 1% of its full scale (4.00×10-5 m3s-1).

PLENUM CHAMBER
OPTICAL BOX
TEST SECTION

90.7:1 CONTRACTION
TO DRAIN

FLOW
ROTAMETER

DIAPHRAGM ELECTRONIC METERING PUMP
CONSTANT HEAD TANK WITH
CONCENTRATED SOLUTION OF
RHODAMINE B

CENTRIFUGAL PUMP

200 µm FILTER
FROM WATER
RESERVOIR

ANNULAR JET CIRCUIT
INNER JET CIRCUIT

Fig. 1. Experimental rig
The annular jet flow was preceded by a converging nozzle with an area ratio of 90.7:1, at the extremity of
a plenum chamber 600 mm long and 400 mm diameter. Inside the plenum chamber the flow went through
2 metal net screens, with an area of free area equal to 0.57 (Bradshaw, 1965), and 2 honeycombs, each
with 30 mm length and 3.175 mm cells. This yielded an annular flow of uniform velocity profile and 6%
axial turbulence intensity at the beginning of the test section. The inner flow, originated from a brass tube
with a straight extension of 100 inner diameters length, i.e. 1700 mm, to ensure fully developed pipe flow
at the inner jet outlet.
Injection Circuit. The flow with a uniform and known concentration of rhodamine B was achieved by
injecting a known flow rate of base-solution in the inner flow. The main unit of the injection system was
an electronic diaphragm-metering pump (Cole Parmer G74110-15), operating at a maximum stroke
frequency (125 pulses per minute) and amplitude, which yielded a flow rate between 2.3 and 2.6 L/h,
depending on the inner and annular flow rates. The rhodamine B base-solution, a highly concentrated
solution, was kept in a constant head reservoir, with 30 L capacity, under uninterrupted stirring and
isolated from the ambient light. The injection took place 196 tube diameters upstream of the test section,
ensuring homogeneous concentration in the test section.
Fluorescent tracer: rhodamine B. The fluorescent characteristics of the rhodamine B do not change
over a period of several hours when continually stirred in water (Arcoumanis et al., 1990; Saylor, 1995),
as opposed to other fluorescent dyes. In addition, because of its low molecular diffusivity and a high
Schmidt number, it is particularly suitable for studies of turbulent mixing.
3.2 Measurement Equipment
Optical system. The light source (figure 2 and table 1) was an argon-ion laser (Spectra-Physics, Stabilite
2017) operating in power stability mode at 514.5 nm. The maximum laser power used was 600 mW,
because higher power damaged the surface of the optical box acrylic glass. The optical system was a
conventional one-component laser Doppler Dantec 55× modular optics, with a 310 mm front lens.
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Measurements were made with two optical configurations, A and B in Table 1, which differed in the
length of the control volume, altered by changing the laser beams separation at the front lens, using the
beam waist adjuster (Dantec 55×22) and a beam translator (Dantec 55×32). The cleanliness of the optical
system, the meticulous alignment of the whole optical system and the location of the beam waist at the
beam intersection were all very important to avoid the occurrence of optical aberration in the control
volume, to increase the light intensity at the control volume and obtain a good signal to noise ratio.
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Fig. 2. Simultaneous LDV and LIF measuring equipment (1: Laser; 2: Optical system; 3: Colour
separator with filters; 4: LIF photomultiplier; 5: LDV photomultiplier; 6: LIF PM power supply;
7: LDV PM power supply; 8: Frequency shifter; 9: Counter; 10: Oscilloscope, 11: Personal
computer with velocimetry board and ADCM module; 12: Test section; 13: Optical bench
mounted on a traversing table)
Both laser and optical system were mounted on a traversing table, with a resolution equal to 10 µm, along
three perpendicular directions.
The collecting light system was common to both LDV and LIF optical signals, to guarantee that velocity
and concentration signals originated from the same location. Although the fluorescence signal could
originate from any location along the laser beams, the velocity signal could only be originated from the
interior of the control volume after beam crossing. This would be particularly difficult in case of test
section with curved walls.
The light collecting in backscatter was preferred to the forward scattering mode, though the latter is the
preferred configuration in LDV measurements. Only the backscatter configuration ensured identical
focusing conditions during the course of measurements; this was also possible because the fluorescent
intensity had no preferential directions (Walker, 1987), contrary to the velocity Mie signal of the LDV
system whose intensity is much reduced along the backscatter direction.
A colour separator split the collected light into 2 wavelengths, above and below 590 nm, which were
filtered before reaching the corresponding photo-multipliers for velocity (514.5 nm interference filter,
Dantec 55×37) and concentration (high pass filter, OG570 Melles Griot) signals. The photo-multipliers
(Dantec 57×08) were fed by two separate power supplies. Particular care was taken in the design and
assembling of the power supply for concentration signal, to avoid interference and reduce the electronic
noise to values below the intensity of the concentration signal (Lima, 2000).

5

Table 1. Simultaneous LDV and LIF optical equipment characteristics
Argon-ion Laser (Spectra-Physics, model Stabilite 2017)
Wavelenght [nm] / Nominal output power [W]
514.5 / 1.8
Noise and stability in power mode operation [rms]
0.5 % / ±0.5 %
Beam diameter at e-2 points [mm]
1.4
Optical system (Dantec, model 55× Modular Optics)
Front lens focal length and aperture [mm]
Expansion of beams
Pinhole section diameter [mm]
Configuration A
Beam separation on front lens [mm]
Beam intersection angle in water
Control volume dimensions in water (major and minor axis calculated) [mm × mm]
Fringe separation [µm]
Number of fringes without and with shift
Velocimetry conversion factor [MHz s m-1]
Configuration B
Beam separation on front lens [mm]
Beam intersection angle in water
Control volume dimensions in water (major and minor axis calculated) [mm × mm]
Fringe separation [µm]
Number of fringes without and with shift
Velocimetry conversion factor [MHz s m-1]

310 / 79
× 1.94
0.5
39
7.20º
1.584 × 0.075
4.0970
18 / 73
4.0970
64
4.43º
0.970 × 0.075
2.5068
30 / 85
2.5068

Data-processing. LDV data processing was made by a TSI Counter (1990C), operated at single
measurement per burst mode (SM/B), for a 1% comparison between frequencies, estimated with 8 and 5
measurement cycles. Data acquisition of the concentration signal was performed using a 12-bit Analog
Digital Converter Module of velocimetry board Zechs Electronics (1400A) installed in a personal
computer (Dell 325 SX). Signals of velocity and concentration were acquired simultaneously, whenever
the counter validated velocity.
4. RESULTS
To use LIF with confidence it is necessary to assess the response of the fluorescent tracer to experimental
conditions, such as exposure to laser light, solution temperature, optical path length of the incident and
collecting and other parameters whose importance will be addressed in this section.
4.1 Experimental Parameters
Changing of the fluorescence intensity with time.
Miller (1981) and Guilbault (1990), for instance refer that photo-decomposition of fluorescent tracer may
occur. However, we found no such effect on measurements during 3 to 4 hours of continuously stirred
solutions. The fluorescent signal was stable, regardless of the laser power, for homogeneous solutions
with a concentration of 0.04 mg/L of rhodamine B.
Temperature
Measurements of fluorescence intensity were carried out for a range of temperatures between 25 and
40ºC, of solutions of water and 0.04 mg/L of rhodamine B and a laser power of 200 mW. The results
showed that a temperature increase of 1ºC originated a decrease of approximately 2% in the fluorescence
intensity, which was less than the 5% refereed by Guilbault (1990). The dependence of rhodamine B on
temperature has recently been used by Sakakibara and Adrian (1999) and Lemoine et al (1999) for
simultaneous measurements of temperature and velocity; Sakakibara and Adrian (1999) report a decay of
2.3%5 K-1, in line with our results.
Absorption
The absorption inside the test section (figure 3) can be quantified by τmf, the ratio between the signal at
the opposite sides of path length (x = 2 and 21 mm). Values for low laser powers 200 mW do not show a
6

consistent trend and should be discarded. For laser powers of 400 mW and 600 mW one can see that the
attenuation of light increases with both the concentration and laser power.
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Fig. 3. Fluorescence intensity as a function of path length, for different concentration and 600 mW laser
power
Table 3. Reduction of fluorescence intensity, τmf , between x = 2 and 21 mm as a function of laser power
and rhodamine B concentration.
Concentration
[mg/L]
0.02
0.04
0.06
0.08
0.10
0.12

Laser power
400 mW
89.9
88.6
91.8
92.0
88.6
89.9

200 mW
100
93.9
90.3
99.0
96.0
91.1

600 mW
94.3
94.5
93.4
93.4
89.7
90.3

Laser beams orientation and displacement
We measured radial profiles of mean concentration inside a horizontal flow with a homogeneous solution
of rhodamine B, using concentrations of 0.042 and 0.064 mg/L. The laser beams were positioned in a
horizontal plane and the control volume was moved along the horizontal and vertical diameters at the
same tube section.
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Fig. 4. Fluorescence intensity moving the control volume along the Perspex tube horizontal and vertical
diameters, for 600 mW laser power and concentrations of rhoramine B equal to 0.042 mg/L (open
simbols) and 0.064 mg/L (closed simbols).
The fluorescence intensity was always lower when moving the control volume along the vertical
diameter, and this was more evident for increased optical path length and higher concentrations. When
comparing measurements performed with the laser beams in a horizontal or vertical plane, i.e.
configuration for axial and radial velocity measurements, (figure 5) lower fluorescence intensities were
observed for the same concentration when the beams were in a vertical plane.
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Fig. 5. Fluorescence intensity measured simultaneously with axial velocity (horizontal beams) and radial
velocity (vertical beams) for 600 mW and a concentration of rhodamine B equal to 0.04 mg/L.
We concluded that in case of LIF measurements of flow inside a glass tube, the laser beams must be on
the plane of longitudinal symmetry of the geometry.
Laser beams angle
The fluorescence intensity varies with the beam intersection angle and difficulties were expected when
using LIF in geometries with curved surfaces. Figure 3 displays the intensity of the fluorescence signal as
a function of the distance to a flat wall. The reduction of the angle between the laser beams
(configurations A and B in Table 1) increased the length of the control volume and hence the light power
and fluorescence signal intensity from 370 to 580 mv. Furthermore, because of the longer control volume,
the interference of the test section walls changed from 2 mm away from the wall, in case of 8.86º to 6 mm
for an angle equal to 5.42º. Configuration B, the larger angle had our preference, because of the lower
influence of the wall.
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Fig. 6. Fluorescence intensity for optical configurations A and B (table 1), for a solution with 0.04 mg/L
of rhodamine B and laser power equal to 400 mW.
Linear relationship between concentration and fluorescence intensity: calibration
Once the fluorescent tracer response to experimental conditions is known, the validity of equation (1) can
be investigated. Figure 4 is the result of search for the linear relationship between concentration and
fluorescent signal, for laser powers below 600 mW. The linear correlation gets worse as the laser power
increases, but for concentrations under 0.08 mg/L there seems to be no influence of laser power. To show
the repeatability, we include also experimental data associated with identical experiments performed in
different days and using different batches of a highly concentrated solution of rhodamine B (open and
closed symbols).
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Fig. 7. Fluorescence intensity as a function of laser power and concentration (open and closed symbols
correspond to identical experiments, performed in different days, to check the repeatability).
4.2 Uncertainty Analysys
Classical analysis. Experimental uncertainty analysis was based on the methodology by Taylor and
Kuyatt (1994), as in the “Guide to the Expression of Uncertainty in Measurement” of the International
Organization for Standardization (ISO). The combined standard uncertainty of the estimate r of the
measurand R was defined by
U R = U A2 + U B2

(11)

where UA and UB are the standard uncertainties of type A and B, due to random and systematic effects. In
case UA and UB are a combination of i independent quantities,
2



 ∂r
 ∂r
U A =  U Ai  ; U B =  U Bi 
i
i
∂
∂





2

(12)

The combined standard uncertainty in LIF concentration measurements (table 3) varied between 5.5 and
15.6 %, and is most influenced by the concentration parcel. Nevertheless for solutions with a
concentration equal to 0.04 mg/L, which present a relative concentration uncertainty of 5.3 %, the relative
combined standard-uncertainty varies between 7.6 and 5.6 %, for 200 and 600 mW laser powers.
The minimum combined standard-uncertainty was obtained from the combination between the minimum
uncertainty of the emitted fluorescence signal (when concentration was low) and the maximum
uncertainty of the processed fluorescence signal (when both concentration and laser power were low).
Likewise the maximum combined standard-uncertainty was obtained combining the maximum
uncertainty of the emitted fluorescence signal and the minimum uncertainty of the processed fluorescence
signal.

Table 3. Relative uncertainties estimates for the measurement of concentration by LIF.
Parameter
Relative uncertainty [%]
minimum
maximum
Concentration
3.2
14.8
Laser Power
1.7
5.0
Emitted fluorescence signal
3.8
15.6
Processed fluorescence signal
0.2
4.0
Combined standard uncertainty
5.5
15.6
Statistical methods (bootstrap). Statistical analysis was also applied to the data, using a resampling
procedure, the bootstrap (Efron and Tibshirani, 1993). The bootstrap is a computational statistical
technique that provides confidence interval estimates for standard deviation, skewness and flatness
without assumptions, such as normal distribution, which may not always be valid, when dealing with
turbulence results. The technique is based on drawing from the data time series B random samples, where
some elements may appear more than once. For each sample a replicate of the statistic being studied is
calculated and the standard error is obtained calculating the standard deviation of the B replicates. It is
observed that, for a high number of replications, the replicates distribution shows tendency towards a
normal distribution, which allows the determination of an approximate 95 % confidence interval.
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Though they are not very common yet in the analysis of turbulence experimental data, these techniques
have gained increased popularity and are implemented in mathematical software packages. In case of
Matlab, three lines are enough to build a confidence interval of the flatness (kurtosis) of a set of
measurements, stored in a vector:
estimate=kurtosis(vector);
bootstat=bootstrp(200,'kurtosis',vector);
estimate_ci=1.96*std(bootstat);

Apart from established techniques for evaluating the experimental uncertainty, new, ad-hoc procedures
can be devised depending on the flow characteristics, measurement techniques, etc.

Fig.8. Uncertainty estimates based on the bootstrap technique. a) mean concentration; b) fluctuating
concentration; c) skewness; d) flatness. The vertical error bars are the uncertainty due to position
of the measuring control volume. Measurements at axial location x/d0 = 1 and velocity ratio Ua/Uin
= 6.5. For details refer to Lima and Palma (2002).
Mass conservation analysis. This is a confined flow and evaluation of mass and concentration flux,
which should remain constant along the tube, is simple and can be used as an indicator of the general
quality of the experimental data. The results of that exercise showed that the calculated mass flow rate
was always below the value measured with a rotameter (on average, 96.3 %). The calculated
concentration flux averaged, for the flow conditions presented here, was 73.8% of the injected flux. These
differences are explained by the combination of uncertainties in the mass flow rates and concentration
measurements.
Symmetry check. The geometry is axisymmetric and it is to be expected that all radial profiles be also
symmetric. Deviations from symmetry may be caused by low quality or ageing of the Perspex tube,
misalignment of the test section itself (during the assembling stage or later during the course of the
measurements), misalignment of the laser traversing system with respect to the test section, etc. The
profile symmetry is also a proof that the effects of attenuation are negligible, certainly lower than other
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uncertainties involved. Otherwise, one would notice a decay in concentration with distance, and the
results though located at identical distance from the tube centreline (radial distance) would be different.

5. CONCLUSIONS
1.

2.
3.
4.
5.
6.

In continuously stirred homogeneous solutions of low concentration the fluorescence intensity of
rhodamine B remained constant with time. For concentrations up to 0.04 mg/L the light
absorption along the beam path was less than 5% and did not affect the linear relationship
between concentration and fluorescence intensity
The curvature of the cylindrical surface affects the intensity of the fluorescence signal. In case of
measurements of flow inside a glass tube, the laser beams must be on the horizontal plane and
concentration measurements made jointly with the axial component of velocity.
Despite of a lower fluorescence signal, a half-beam intersection angle equal to 5.89º was chosen,
to enable measurements up to 2 mm from the wall.
The linear relationship between concentration of rhodamine B and fluorescence intensity was
found for concentrations up to 0.08 mg/L and laser power below 600 mW.
The experimental uncertainty of concentration measurements was determined to be between 5
and 15%.
Based on the bootstrap technique, we could see that the confidence intervals downgraded as the
order of the statistical moments increased. Flatness could be measured with a maximum
uncertainty of about 25%
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