10th Int’l Symposium on Applications of Laser Techniques to Fluid Mechanics, Lisbon, 2000

Stereoscopic Particle-Image Velocimetry (PIV)
A New Approach Using Telecentric Lenses
by
R. Konrath, W. Schröder
Aerodynamisches Institut der RWTH-Aachen
Wüllner Str. zw. 5 u. 7, 52062 Aachen, Germany

ABSTRACT
A new stereoscopic approach based on telecentric lenses is introduced. The method offers in-focus imaging at high
viewing angles (highly tilted object planes) without systematic image distortion. Telecentric lenses form images by
the parallel projection of the object space onto the image plane, because the perspective centre is at infinity. Objects
of same size at various distances from the lens will always appear the same size in the image, which is the difference
to conventional (entocentric) lenses, where the magnification changes at different object distances. In nonstereoscopic PIV applications telecentric lenses can be used to eliminate projection errors. The stereoscopic setup
described in this paper uses lenses telecentric in both object and image space. It overcomes many limitations of the
classical methods using entocentric lenses. The setup has been successfully applied for Particle-Image Velocimetry
(PIV) measurements of separated flows downstream a segmental orifice plate inside a pipe.

Lens telecentric in object space.

Three dimensional velocity vectors of a pipe flow downstream a segmental orifice plate (Re = 1000).
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Introduction
The Particle-Image Velocimetry (PIV) is a non-intrusive measurement technique for steady and unsteady flows
allowing the investigation of spatial flow structures (Kompenhans and Tropea, 1997). In the simplest form PIV
captures the two-dimensional velocity vectors in a plane of the flow field. The flow is seeded with small particles
following the flow. The measurement plane is illuminated by a thin light sheet. Perpendicular to the light sheet the
scattered light from the particles is recorded using a camera at two instances of time. The time separation depends on
the maximum flow velocity and the required spatial resolution of the measurement. From the particle image
displacements the in-plane velocity vectors can be extracted using digital image processing algorithms. In most PIV
applications it is important that the particles in the light sheet are in-focus to get small particle images, because the
particle image diameter has a significant impact on the resolution and accuracy of the measurement (Adrian, 1997).
In the geometrical-optics approximation the image formation of a conventional (entocentric) lens is a central
projection of the object space onto the image plane. The image magnification depends on the distance between the
object and the lens. If the out-of-plane velocity component w is not negligible in comparison to the in-plane velocity
components u and v, a projection error occurs because the image magnification changes between the recording times
(Prasad and Adrian, 1992). This disadvantage can be overcome when telecentric lenses are used. They form images
by parallel projection of the object space such that no projection error occurs. The details will be described in the
next chapter.
All three velocity components can be determined by stereoscopic reconstruction. The flow field is simultaneously
recorded from two or more different directions. There are two basic stereoscopic configurations using entocentric
lenses providing in-focus images over the entire image plane, the translational method and the angular displacement
method introduced by Gauthier and Riethmuller, 1988. The disadvantage of the translational method employed by
Prasad and Adrian, 1992 is that the maximum possible viewing angle is limited by image aberrations and the angular
aperture of the lenses, which reduces the accuracy of the out-of-plane velocity component. However, the angular
displacement method described by Prasad and Jensen, 1995 and employed by Willert, 1997 has the disadvantage that
a systematic image distortion occurs.
In this paper a new stereoscopic approach using telecentric lenses is presented that shows no limitation on the
viewing angle and no systematic image distortion. The stereoscopic arrangement was applied for PIV measurements
of a pipe flow downstream a segmental orifice plate. Throughout this paper the geometrical-optics approximation is
assumed (Hecht, 1998).
Telecentric lens systems
If the perspective centre of a lens system is at infinity, the lens is called telecentric in object space. In this case the
imaging rays between object and lens are parallel to the optical axis. Therefore, the image is formed by the parallel
projection of the object onto the image plane and the image magnification does not depend on the object distance.
Clearly this can be achieved with every lens by using large object distances in relation to the field size. However, this
is not always realisable especially for PIV measurements. Telecentricity for finite distances can be achieved by two
different lens designs. The one-lens system is telecentric in either object or image space, the double-lens system is
telecentric in both object and image space.
One-lens system
In the following a one-lens system telecentric in object space is assumed. The main difference compared to a
conventional imaging arrangement is that a small aperture stop is located in the back focal plane of the lens (Figure
1a). Only the light rays which are approximately parallel to the optical axis of the lens pass the aperture stop and form
the image. Now the central ray of all from an object point originating rays transmitting the aperture stop passes
through the back focal point instead of the lens centre point. From geometric optics it follows that the transversal
image magnification depends only on the image distance di and the focal length f. The in-focus object distance d o
can be obtained from the general lens formula (Hecht, 1998)
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A critical parameter is the aperture stop diameter that influences the degree of telecentricity. A small aperture stop
diameter increases the telecentricity, but the light energy, that passes the aperture stop, and the optical resolution
decrease. The degree of telecentricity is usually given by the telecentricity range, that is the range of axial object
displacement within which image displacement (scale change) does not exceed a certain limit, e.g. 0.1 % of the image
height. Most commercial telecentric lenses are designed for a fixed object distance g and magnification. Another
important parameter is the size of the front element of the lens which defines the maximum field-of-view size.

Figure 1:

Telecentric lens systems: a) one-lens system telecentric in object space and
b) double-lens system telecentric in both image and object space.

Double-lens system
Telecentricity in object and image space can be achieved by combining two one-lens systems (Figure 1b). The two
lenses are separated by the sum of their focal lengths f1, f2 (telescopic arrangement). The aperture stop is placed in the
focal plane between the two lenses. From geometric optics the transversal magnification MT is determined by the ratio
of the focal lengths of the first and second lens f1 and f2

MT =

f2
.
f1
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(2)

From the general lens formula (1) the relation between the in-focus object distance d o from the principal plane of the
first lens and the image plane distance di from the second principal plane of the second lens is (C.S. Vikram, 1992)

f  d  
di = f 2  2 1 − o  + 1 .
f1  
 f1 

(3)

Since di might become negative the useful working range of d o is in the order of f1 .

Stereoscopic arrangement
The optical axis of a telecentric lens coincides with the viewing direction. The two lens systems can be rotated around
the midpoint of the flow field achieving different viewing directions. Now the optical axes of the lenses are not
perpendicular to the object plane and the range of the object distance might exceed the depth-of-focus. The
longitudinal magnification of the double-lens system can be obtained by differentiating the image plane distance d i
with respect to the object distance do (Hecht, 1998)
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The relation between the longitudinal and transversal magnification is the same as that for a conventional imaging
lens. As a result, the Scheimpflug condition (Prasad and Jensen, 1995) also applies to a telecentric double-lens
system. This condition can be used if the object plane is not perpendicular to the optical axis in order to obtain infocus images over the entire image plane. It requires that the object plane, image plane and lens plane intersect in a
common line.

Figure 2:

Scheimpflug condition applied to a double-lens system for stereoscopic viewing.
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Applied to the double-lens system the two principal planes (PP1 and PP2 in Figure 2) represent the lens plane. The
tilting angle γ of the image plane can be calculated from

tan γ = − M T tan α

(5)

where α is the tilting angle of the object plane. Since the lens is telecentric in both image and object space no
systematic image distortion occurs. There is only an additional scaling S of the entire image in the tilting direction

S=

cos α
.
cos γ

(6)

Notice that tilting the object plane extends the field of view by 1/cosα, but the optical resolution in the tilted direction
is reduced by the same factor with respect to the object plane.

The stereoscopic reconstruction geometry is illustrated for one view indexed by i from the direction a i in Figure 3.

Figure 3:



Projection of v onto the object plane for a viewing direction a i defined by α i and β i .


The unit vector a i is defined by the viewing angles α i and β i :
 ax 
 cos β i ⋅ sin α i 


  
ai =  a y  = −
sin β i
 .
a 
 cos β ⋅ cos α 
i
i
 z i


The projected velocity components ui , vi of v onto the object plane satisfy the condition:

5

(7)

ui   u 
   
w
 vi  =  v  −
a zi
 0   w
   

ax 
 
ay  .
a 
 z i

(8)

Two views from different directions provide sufficient information to determine all the velocity components. The
aforementioned condition yields two solutions for i = 1, 2 :

u1 tan α 2 − u 2 tan α 1
,
tan α 2 − tan α 1

u=

v = v1 + w
w=

tan β 1
tan β 2
or v = v 2 + w
,
cos α 1
cos α 2

(9)

u1 − u 2
,
tan α 2 − tan α 1

and

u = u1 + w ⋅ tan α 1 or u = u 2 + w ⋅ tan α 2 ,
v1
v=

w=

tan β 2
tan β 1
− v2
cos α 2
cos α 1
,
tan β 2 tan β 1
−
cos α 2 cos α 1

(10)

v1 − v 2
.
tan β 2 tan β 1
−
cos α 2 cos α 1

For each view the projected velocity components u1,v1 and u 2 ,v2 are determined using an image processing
algorithm. Then the three-dimensional velocity vectors can be calculated from one of the two solutions. The decision
for one of the solutions depends on the values of the numerators in the w equations, which should be large for high
accuracy of the determination of w. The equations (9) and (10) are analogous to the equations for entocentric lenses
(Willert, 1997), but here the angles α1 , α 2 , β1 and β 2 are constants and do not depend on the field positions of the
velocity vectors. This behaviour makes the calibration procedure for this stereoscopic arrangement straightforward.
In the following the equations (9) are analysed to develop a relation between the errors of the measured velocity
components and the viewing angles. For simplicity the angles β1 , β 2 are set to zero. The error of the measured
velocities using usual viewing is referred to as ε . As indicated in Figure 2 the optical resolution in the particle
images is reduced by increasing the viewing angles α1 , α 2 . Therefore, the errors of the projected velocities u1, u2 are
related to ε as

ε u1 =

ε
,
cos α1

εu 2 =

ε
.
cos α 2

(11)

Using (9) the errors of u and w read

ε u1 tan α 2 − ε u 2 tan α1
,
tan α 2 − tan α1
ε u1 − ε u 2
εw =
tan α 2 − tan α1
εu =
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such that the maximum errors can be estimated by

εu = ε ⋅

εw = ε ⋅

tan α 2
tan α 1
+
cos α 1
cos α 2
tan α 2 − tan α 1
1
1
+
cos α 1
cos α 2
tan α 2 − tan α 1

,
(13)

.

Due to the assumption β1 = β 2 = 0° the error of v is equal to ε . The error of w decreases at increasing difference
between α 1 and α 2 , whereas the error of u increases when the optical resolution is decreased in both views.
However, the error of u can be minimized if either α 1 or α 2 is small. For example, at α 1 = 0° and α 2 = 45° the
errors are ε u = ε and ε w = (1+ 2 ) ⋅ε , while the errors are ε u = ε w =

2 ⋅ε in the case of α 1 = -45°, α 2 = 45°.

Experimental setup

Pipe flow facility
The stereoscopic PIV setup was used to investigate air flow through a straight circular pipe of constant cross section.
The Reynolds number based on the pipe diameter of 46 mm is 1000. The pipe is connected to a settling chamber in
which air is seeded by 1.5 µm SiC-particles (Figure 4). The test section that is located 2.6 m downstream of the pipe
entrance is a quartz glass pipe segment with a wall thickness of 2 mm. The mean flow velocity was determined by
measuring the pressure difference just before and behind a quarter circle nozzle (VDI/VDE 2041) located
downstream of the test section.

Figure 4:

Pipe flow facility.

The flow was driven by a vacuum tank. To start the flow a gate valve between pipe and vacuum tank was opened.
The measurements were performed more than 35 s after initialising the flow to ensure a steady , laminar flow in the
test section. The time delay t was calculated from

τ=

νt
R2

,
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(14)

where ν is the kinematic viscosity of the fluid and R is the pipe radius. The dimensionless parameter τ, that was set to
1.0, defines the time dependent velocity profile. Then the deviation between the velocity profile and the steady
parabolic profile is less than 3 ‰ (Szymanski, 1932).

Stereoscopic setup
The measurement plane is viewed from two directions α 1 = 0°, β1 = 0° and α 2 = -135°, β 2 = 0° (Figure 5) using lenses
that are telecentric in object and image space. The lenses are designed for 2/3"-chip CCD-cameras and their
specifications are:
• Transversal magnification: MT = 0.1
• Object distance: d o = 160 mm
• Numerical aperture in object space: 0.1
• Size of the front element: Ø 110 mm

The lens used for the side view (TZ110 from IB/Eckerl) is a further development of the lens used for the normal view
(TZ106). According to the Scheimpflug condition (5) the sensor plane of the side view camera was rotated by γ =
5.7° such that the entire field-of-view was in-focus. For a chip size of a 2/3"-camera the field-of-view is 85.7 x 68.6
mm2 in the case of the normal view. For the side view the field-of-view scales up in the direction of x to 120.6 mm
according to equation (6).

Figure 5:

Coordinate system for the stereoscopic PIV measurements and geometry of the segmental orifice plate
that covers half of the cross section.

PIV system
Light pulses are provided by a double Nd:YAG pulsed laser with an energy of 25 mJ per pulse. Using cylindrical
lenses the light beam is formed to a light sheet with a thickness of about 1 mm. The images are recorded
simultaneously using two SensiCam-Cameras (PCO) with a CCD-chip size of 2/3" and a resolution of 1280 x 1024
pixel. The cameras are operated in the double-shutter mode yielding two separate images at full resolution with a time
separation of 365 µs, that can be as small as 200 ns. Twenty double images for each camera are captured at a
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repetition rate of 2 Hz, which is limited by the read out time of the cameras. Laser and cameras are triggered using a
synchroniser.
The images of each view were separately analysed using an adaptive cross-correlation algorithm as described by
J.Westerweel, 1997. Between each iteration step the information of the previously calculated velocity vectors are
used to symmetrically shift both correlation windows in space around the positions of the vectors. Each vector
represents a mean value averaged in space about the correlation window size, which was set to 4 mm. This
corresponds to 60 x 60 pixel in the case of the normal view and 42 x 60 pixel for the side view. The images were
interrogated on an equidistant grid with a spacing of 1 mm.
After each iteration the following post processing steps are applied to the velocity vectors:
1. Data validation by comparing each vector with a median mean of the eight surrounding vectors.
2. The defective vectors are replaced by bilinear interpolation.
3. A gaussian filter was applied with a half value width of 2 mm.
The spatial cut-off frequency of the filter corresponds to the spatial resolution of the measurement which is defined
by the correlation window size. Therefore, the filter operation eliminates velocity fluctuations introduced by the
random measurement error.

Image distortion
Figure 6 shows the images of a calibration grid with an equidistant spacing in the horizontal and vertical direction.
The stretching in the horizontal direction of the side view image is in agreement with equation (6). A barrel-like
distortion can be seen in the image of the normal view camera. A slight scale change in the horizontal direction can
be observed in the image of the side view camera. The position deviations at the boundaries are less than 0.7 mm for
the normal view camera and less than 1.2 mm for the side view camera. The maximum difference in the local
magnification is 6 % in the case of the normal view and 4.5 % for the side view camera. The image distortion of each
lens is compensated similar to the method by Soloff et al, 1997.
The intersection points in the calibration grid images are determined by a mask correlation technique. The
interrogation grid used in physical space is transformed into the image space using the calibration grid data and
bilinear interpolation. For both views different deformed grids are used for interrogation and analysing the images.
Subsequently, for each view the evaluated velocity vectors are separately retransformed to the physical gird using

 ui 
  = A i
 vi 

U 
a
⋅  i , A i =  11
 Vi 
 a 21

a12 

a 22 

(15)

where U i , Vi are the velocity values on the deformed grids in image space and ui , vi are the corrected velocity values
corresponding to the grid in physical space. The transformation matrix Ai is determined for every grid point m, n
using the expression

 ∆xm

 ∆y m

∆x n 
 ∆X
 = A i ⋅  m
∆y n 
 ∆Ym

∆X n 

∆Yn 

(16)

i

where ∆x , ∆y ( ∆X , ∆Y ) are the local grid spacings in the m,n directions of the physical (deformed) grid. The
transformation accounts for the differences between the grids on the local scale by a11 , a22 and the local shear and
rotation expressed by a12 , a 21 .
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b)

a)
Figure 6:

Images of a calibration grid with a spacing of 5 mm. a) normal view camera b) side view camera.

Finally, the equations (9) are applied to the corrected velocity vectors u1 , v1 and u 2 , v2 resulting in the threedimensional velocity vectors.
In comparison to the calibration procedure for entocentric lenses, there is no need to determine the central projection
point of the imaging lenses. This can be done by using second-order mapping functions where the unknowns are
determined by a linear least-squares method (Willert, 1997).
If the distortion of the telecentric lenses can be neglected and the lens magnifications are fixed, the parameters for
calibration are the viewing angles, and the in-plane orientation and position of the images relative to the physical
coordinate system.

Measurement results
Pipe flow downstream of the segmental orifice plate

To get a three-dimensional velocity field a segmental orifice is placed inside the test section of the pipe (Figure 5).
The measurement plane is the axial plane of the pipe, 2 mm off the centre and parallel to the edge of the orifice plate.
Mainly the separation region downstream the orifice plate was captured. The Reynolds number is 1000 and without
the segmental blocking a fully developed laminar pipe flow was observed in the test section.
Figure 7 to Figure 10 show a sequence of the three-dimensional velocity-vectors at four times that are taken from a
time series of twenty images each using a time separation of 0.5 seconds. The values of the three velocity components
have the same order. The highest velocities occur approximately one pipe diameter (46 mm) downstream of the
orifice plate. In this region the orientation of the flow normal to the measurement plane changes strongly in space. At
a distance greater than that and near the pipe walls a region of reversed flow is observed.
The illustrations of the velocity vectors evidence highly intricate flow structures such as vortices or convergence
zones with stagnation points that differs more or less in every figure. The velocity fields in Figure 7 and Figure 9 as
well as in Figure 8 and Figure 10 show some common features. In Figure 7 a strong vortex near the pipe wall at the
end of the measurement plane is observed. A similar structure is depicted in Figure 9 at a slightly different position.
A pair of counterrotating vortices is observed if the flow field is analysed in greater detail. They seem to be nearly
symmetric to the pipe axis. However, right behind the orifice plate there is a clockwise vortex in Figure 7 in contrast
to the counter-clockwise motion in Figure 9. The flow structure in Figure 8 and Figure 10 is nearly identical.
Comparing Figure 8 and Figure 10 the structure of the flow field seems to have moved upstream like a wave. Due to
the similarities between the velocity fields a certain periodicity in the flow can be assumed, that cannot be fully
captured at the low repetition rate of 2 Hz in this analysis.
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Figure 7:

Pipe flow downstream of a segmental orifice plate at Re=1000. Velocity ranges in [m/s]:
-0.21 < u < 0.42, -0.26 < v < 0.42, -0.25 < w < 0.17.

Figure 8:

Pipe flow downstream of a segmental orifice plate at Re=1000. Velocity ranges in [m/s]:
-0.17 < u < 0.22, -0.12 < v < 0.1, -0.15 < w < 0.13.
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Figure 9:

Pipe flow downstream of a segmental orifice plate at Re=1000. Velocity ranges in [m/s]:
-0.1 < u < 0.23, -0.12 < v < 0.1, -0.18 < w < 0.05.

Figure 10: Pipe flow downstream of a segmental orifice plate at Re=1000. Velocity ranges in [m/s]:
-0.18 < u < 0.3, -0.06 < v < 0.2, -0.37 < w < 0.14.

12

Error estimation

For the viewing angles used for the stereoscopic measurements the out-of-plane component w is calculated using
equations (9) and u is identical to the value determined by normal view measurement. The results of the v component
should be alike for both views. To minimise the random measurement error v is determined by the mean of both
values. Therefore, the uncertainty of the values of w is (1+ 2 ) larger than that of the results of the u and v
components (13).
Measurements of the fully developed laminar pipe flow (Hagen-Poiseuille) are used to estimate the random errors of
the results. RMS-values of the velocity components v and w are determined for the complete field at all times.
Related to the maximum flow velocity of 0.65 m/s in the centre-line of the pipe the values are 1 % for v and 6.26 %
for w. Calculating the RMS-value of the u-component for the total measurement time the error in u can be estimated
to be smaller than 2.6 %. As mentioned before the error of w is a factor of 2.4 larger than that of u. The relatively
high error of u can be explained by the low quality of the images from the normal view camera. The particle images
are out-of-focus near the boundaries of the image, whereas the images from the side view camera yield in-focus
particle images across the entire field. In addition the normal view images contain particular light reflections that
influence the correlation peak.

Conclusions

Using telecentric lenses in Particle-Image Velocimetry measurements new possibilities for the investigation of threedimensional flows arise. In single-view applications the projection error due to the out-of-plane velocity component
is not present using lenses telecentric in object space. If conventional (entocentric) lenses are used, this error can be
remarkably high and, if the third velocity component is unknown, the error cannot be compensated. The only
limitation of telecentric lenses is that the maximum field-of-view is limited by the size of the lens entry. Using lenses
telecentric in object and image space, the presented optical arrangement can be used for stereoscopic investigations to
obtain in-focus particle images over the entire image plane at high viewing angles without systematic image
distortion. In comparison to the classical methods using entocentric lenses the new method overcomes the
disadvantages of the limited viewing angle inherent to the translational method and the systematic image distortion
inherent to the angular displacement method. In addition the projection formulas for the reconstruction of the three
velocity components depend only on the viewing angles, such that the calibration procedure of the cameras is
straightforward. The method was applied to analyze the flow through a circular tube that was perturbed by a
segmental orifice plate.

References

Adrian, R.J. (1997). "Dynamic ranges of velocity and spatial resolution of particle image velocimetry". Measurement
Science and Technology 8 (12): 1393-1398.
Gauthier, V. and Riethmuller, M.L. (1988). "Application of PIDV to complex flows: measurements of the third
component". In Lecture Series 1988-06: Particle Image Displacement Velocimetry, Von Karman Institute for Fluid
Dynamics, Belgium.
Kompenhans, J. and Tropea, C. (1997). Guest Editors of "Measurement Science and Technology". Special Issue:
Particle Image Velocimetry. Vol. 8 (12).
Hecht, E. (1998). Optics. Addison-Wesley, Massachusetts.
Prasad, AK. and Adrian, R.J. (1992). "Stereoscopic Particle Image Velocimetry Applied to Liquid Flows". Sixth Int.
Symp. On Applications of Laser Techniques to Fluid Mechanics, July 20th-23rd, Lisbon.

13

Prasad, A.K. and Jensen, K. (1995). "Scheimpflug stereocamera for particle image velocimetry in liquid flows".
Applied Optics 34(30): 7092-7099.
Soloff, S.M.; Adrian, R.J. and Liu, Z.-C. (1997). "Distortion compensation for generalized stereoscopic particle
image velocimetry". Measurement Science and Technology 8: 1441-1454.
Szymansky, P. (1932). "Quelques solutions exactes des équations de l'hydrodynamique du fluide visqueux dans le cas
d'un tube cylindrique". J. de math. pures et appliquées, Series 9, Vol. 11: 67-107.
VDI/VDE 2041 (1991). "Measurement of Fluid Flow with Primary Devices: Orifice Plates and Nozzels for Special
Applications". VDI/VDE-Richtlinien, Beuth Verlag GmbH, Berlin.
Vikram, C.S. (1992). Particle field holography. Cambridge studies in modern optics 11. Cambridge University Press,
Cambridge (GB).
Westerweel, J. (1997). "Fundamentals of digital particle image velocimetry". Measurement Science and Technology
8 (12): 1379-1392.
Willert, C. (1997). "Stereoscopic digital particle image velocimetry for application in wind tunnel flows".
Measurement Science and Technology 8 (12): 1465-1479.

14

